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Abstract 

We review the relations between (twisted) supersymmetric gauge theories in four di¬ 
mensions and moduli problems in four-dimensional topology, and we study in detail the 
non-abelian monopole equations from this point of view. The relevance of exact results 
in 77 = 1 and N = 2 supersymmetric gauge theories to the computation of topological in¬ 
variants is emphasized. Some background material is provided, including an introduction 
to Donaldson theory, the twisting procedure and the Mathai-Quillen formalism. 
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Chapter 1 
Introduction 


This work has its roots in the recent developments in four-dimensional geometry and 
the interrelations with the understanding of the non-perturbative behaviour of supersym¬ 
metric gauge theories in four dimensions. Perhaps it is useful to give a brief historical 
overview to understand the context of this relationship. 

Donaldson theory was born in 1982 as an attempt to provide a new tool for the clas¬ 
sification of four-manifolds. The usual techniques in Topology were not powerful enough 
and the inspiration was found in the theory of Yang-Mills fields, already explored by 
Atiyah and Bott in their classical works. Although Donaldson theory has been extremely 
successful and solved some of the longstanding problems in the field, technical difficulties 
made this progress rather hard to pursue. 

On the other hand, Donaldson theory was at the origin of Topological Quantum Field 
Theories, invented by Witten in 1988. Witten formulated a Quantum Field Theory start¬ 
ing from N = 2 supersymmetric Yang-Mills theory in four dimensions. The resulting 
theory was a kind of exotic coupling to gravity of the original supersymmetric theory, 
and had some astonishing properties: the physical excitations were projected out of the 
Hilbert space and only remained the vacuum degrees of freedom. The correlation func¬ 
tions turned out to be independent of the four-manifold metric and standard path integral 
arguments showed that they were identical to the invariants defined by Donaldson. This 
Topological Quantum Field Theory is now known as Donaldson-Witten theory. 

Although this fundamental work established the first deep link between a supersym¬ 
metric gauge theory and four-manifold topology, it was not clear at all by that time what 
the reasons of this connection were and what new results could be derived from it. An im¬ 
portant step in the first direction was made by Atiyah and Jeffrey in 1990. They showed 
that Witten’s Lagrangian could be interpreted as the Mathai-Quillen representative of 
the Thom class of some infinite dimensional vector bundle over the space of Yang-Mills 
connections. 

The situation radically changed in 1994 due to the convergence of some spectacular 
developments both in Donaldson theory and in Quantum Field Theory: the Kronheimer- 
Mrowka structure theorem, the work of Seiberg on iV = 1 supersymmetry and the rebirth 
of duality. The structure theorem of Kronheimer and Mrowka was a major step towards 
the understanding of the geometric core of Donaldson theory. They were able to show 
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that all the information contained in Donaldson invariants, at least for a wide class of 
manifolds, was encoded in a hnite number of two-dimensional cohomology classes, the 
basic classes. Although in their work these classes were conjectured to have some simple 
properties, they were not completely identihed by them. This structure theorem led 
Witten to perform the hrst physical computation of Donaldson invariants in the Kahler 
case. Witten showed that on a Kahler manifold it was possible to softly break the N = 2 
theory down to an = 1 theory in a topologically trivial way from the point of view 
of the twisted theory. This allowed him to compute the Donaldson invariants from the 
non-perturbative behaviour of = 1 super Yang-Mills theory, and to identify in a precise 
way the basic classes of Kronheimer and Mrowka (in the Kahler case). 

The crucial step in this story involved the use of electric-magnetic duality and the 
progress in the understanding of Y = 1 supersymmetric gauge theories made by Seiberg. 
Using these two ingredients, Seiberg and Witten were able to obtain the exact low-energy 
effective action of Y = 2 super Yang-Mills theory. The alternative description of the 
infrared physics of this theory allowed them to formulate a dual version of Donaldson 
theory. As the effective behaviour of Y = 2 super Yang-Mills can be described at the 
relevant points in the moduli space by an abelian Y = 2 gauge theory coupled to a 
magnetic monopole, the twist of this Y = 2 theory led to a powerful moduli theory 
based on the Seiberg-Witten monopole equations. This theory gives a new viewpoint on 
Donaldson theory and completely characterizes the basic classes found by Kronheimer 
and Mrowka. Moreover, the new equations constitute by themselves an extremely useful 
tool to obtain topological information on four-manifolds. 

The possibility of coupling twisted matter hypermultiplets to Donaldson-Witten the¬ 
ory was considered before in the literature, but the physical an mathematical tools that 
have been developed in the last two years make possible a thorough understanding of 
this family of theories. In this work we make a systematic analysis of the resulting 
non-abelian monopole theory, from many different points of view. Mathematically, these 
equations dehne a moduli space which is the natural generalization of both Donaldson the¬ 
ory and Seiberg-Witten theory, as it contains the moduli spaces of ASD connections and 
of Seiberg-Witten pairs as subspaces. We describe mathematically this moduli space and 
we relate the non-abelian equations to the twisted Y = 2 Yang-Mills theory coupled to a 
matter hypermultiplet. The relation is carefully established through the Mathai-Quillen 
formalism. We also compute, using both the Y = 1 approach on Kahler manifolds and 
the Y = 2 approach, the topological correlation functions of this theory in the case of an 
SU{2) group. We show that the corresponding topological invariants can be expressed in 
terms of Seiberg-Witten invariants, providing some evidence that we should classify the 
moduli problems associated to four-dimensional topology in universality classes. We also 
develop a generalization of the Mathai-Quillen formalism which makes possible to give 
a clear topological meaning to theories involving twisted massive hypermultiplets. This 
generalization also has interesting two-dimensional applications. 

The organization of this work is as follows: the hrst Chapters are devoted to a rather 
general presentation of the relation between moduli spaces and Topological Quantum 
Field Theories. In Chapter 1 we give an introduction to Donaldson theory. Many math¬ 
ematical tools which will be useful later are presented here, as Donaldson theory is still 
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the canonical model of how to extract topological information starting from a set of par¬ 
tial differential equations dehned on a four-manifold. In Chapter 2 we briefly review the 
twisting procedure in two and four dimensions. In Chapter 3 we present the Mathai- 
Quillen formalism as well as its equivariant extension with respect to vector held actions, 
and we give an illustrative example: the topological sigma model with potentials. After 
this, we focus on the non-abelian monopole theory. In Chapter 4 we study the equations 
and the moduli space they dehne, from a mathematical point of view. In Chapter 5 we 
construct the topological action of the theory using the Mathai-Quillen formalism and we 
show that it comes from the twist of = 2 super Yang-Mills theory coupled to an Y = 2 
hypermutiplet. The equivariant extension gives precisely the massive theory, providing in 
this way the second example of the construction in Chapter 3. In the remaining Chap¬ 
ters we analyze the non-abelian monopole theory from the point of view of the untwisted 
physical theory. In Chapter 6 we give the N = 1 point of view, and we hrst introduce 
some techniques about the non-perturbative behaviour of Y = 1 supersymmetric gauge 
theories. As a result, we compute the topological correlation functions on a Kahler man¬ 
ifold. In Chapter 7 we use the exact solution of Seiberg and Witten of the Y = 2 theory 
to compute again the invariants and we reanalyze the Kahler case from the Y = 2 point 
of view. Finally, we give some Conclusions and prospects for future work in the held. An 
Appendix contains our Euclidean spinor conventions as well as some basic facts about 
Spin and Spin'^-structures. 
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Chapter 2 

Donaldson theory 


A general feature of the topological invariants associated to Colioniological Field Theories 
is that they are dehned in terms of solutions of partial differential equations on a manifold. 
The model for this kind of construction is Donaldson theory, and in this chapter a short 
overview of this theory is given. This will also be useful to understand moduli problems 
associated to monopole equations. 

The organization of this chapter is as follows: in section 1 we present general facts 
about the geometry of Yang-Mills fields. In section 2 the anti-self-dual (ASD) equations 
are introduced as well as local characterizations of the moduli space and the instanton 
deformation complex of Atiyah, Hitchin and Singer. In section 3 we discuss some proper¬ 
ties of ASD equations on Kahler manifolds. Finally, in section 4 we briefly introduce the 
Donaldson invariants of smooth four-manifolds and some additional facts about moduli 
spaces. 


2.1 The geometry of Yang-Mills fields 

Donaldson theory dehnes differentiable invariants of smooth four-manifolds starting from 
Yang-Mills helds on a vector bundle over the manifold. In this section we briefly introduce 
the relevant geometrical constructions associated to gauge theories. Standard references 
on connections on bundles are B 0, The geometry of gauge theories is analyzed in 

Let G be a Lie group (usually we will take G = U{1) or SU{2)). Let P —> M be 
a principal G-bundle over a manifold M with a connection A, taking values in the Lie 
algebra of G, g. Given a vector space V and a representation p of G in GL{V), we can 
form an associated vector bundle E = P XqV in the standard way. G acts on V through 
the representation p. The connection A on P induces a connection on the vector bundle 
E (which we will also denote by A) and a covariant derivative (Ia- Notice that, while the 
connection A on the principal bundle is an element in D^(P, g), the induced connection on 
the vector bundle E is better understood in terms of a local trivialization Ua- On each Ua, 
the connection 1-form Aq, is a gl{V) valued one-form (where gl{V) denotes the Lie algebra 
of GL{V)) and the transformation rule which glues together the different descriptions is 


41, 43 
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given by: 

9af3-'^ci9af3 T 9af3^9al3i (2-1-1) 

where Qa/s are the transition functions of E. 

Recall that the representation p induces a homomorphism of Lie algebras p* : g —^ 
9l{y) which is a monomorphism if the representation is faithful. We will identify p*(g) = 
g, and dehne the adjoint action of G on p*(g) through the representation p. On M one 
can consider the bundle g^ dehned by: 

gE = Py<Gg, ( 2 . 1 . 2 ) 

which is a subbundle of End(ii^). For example, for G = SU{2) and V corresponding to 
the fundamental representation, g^; consists of (skew) adjoint, trace-free endomorphisms 
oi E. If we look at ( FTTl ) we see that the difference of two connections is an element 
in 0^(g£;) (the one-forms on M with values in the bundle gg). Therefore, we can think 
about the space of all connections A as an affine space with tangent space at A given by 
TAA = D\gE). 

The curvature Fa of the vector bundle E associated to the connection A can be also 
dehned in terms of the local trivialization of E. On Ua, the curvature Fa is a p/(R)-valued 
two-form that behaves under a change of trivialization as: 

Pp = 9aiFa9aP, (2.1.3) 

and this shows that the curvature can be considered as an element in f2^(gE). 

The next geometrical objects we must introduce are gauge transformations. We come 
back momentarily to the principal bundle P. A gauge transformation on P is a diffeo- 
morphism f : P ^ P verifying two conditions: 

1) f{P9) = f{p)9, pe P, 9 ^G. 

2) / descends, because of (1), to a map f : M ^ M. The second condition is that 
this map is the identity on M. This means that there is a map a : P —y G such that 
f{p) = P(^{p)- Notice that, because of (1), a{pg) = g~^a{p)g. 

Equivalently, gauge transformations can be considered as sections of the bundle Aut(P) 
P XqG, where G acts on itself by conjugation. If we return to the associated vector bun¬ 
dle P, it is easy to see that gauge transformations of P correspond to automorphisms of 
E, u : E ^ E, which preserve the hbre structure {i.e., they map one hbre onto another) 
and descend to the identity on M. For instance, given the gauge transformation s of P, 
one obtains the gauge transformation of E given by u{\p,v]) = [s(p), n]. In the same way, 
gauge transformations of E can be described as sections of the bundle Aut(P). 

Gauge transformations of P (or E) form an inhnite-dimensional Lie group Q, where the 
group structure is given by pointwise multiplication. The Lie algebra of ^ = r(Aut(P)) 
is given by Lie(^) = f2°(g£;). This can be seen by looking at the local characterization 
of the sections s : M —>■ Aut(P). On a trivializing open set Pq the gauge transformation 
is given by a map > G. Using the representation p, we get in the same way 

a local expression for u. It is interesting to notice that Aut(P) has a trivial subbundle 
P XgG{G) = M X G{G), where G{G) is the center of the group G. Similarly, the bundle 
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Aut(P) is trivial if G is abelian, and in this case the gronp of gange transformations is 
given by Map(M, G). 

We can now obtain the action of the gronp of gange transformations of E on the 
connection. If we consider the covariant derivative (Ia associated to the connection A, 
and u E Q, we have 

(iu(A)cr = udAiu~^a), a G r(P), (2.1.4) 

where u is regarded as an automorphism of E. As u can be considered a section of 
End(P), the action of (Ia on u is simply given by the covariant derivative induced in this 
bundle by the connection on E. A local description of this action can be obtained if we 
write (Ia = d + A^ on U^, and take into account that Aa acts on through the adjoint 
representation, according to the previous remark. We then get the well-known form of 
gauge transformations: 

^ (Aq.) U(yA(yU^ dXl(yU^ , (2.1.5) 

and on the curvature: 

m*(F„) = (2.1.6) 

2.2 The moduli space of ASD connections 

In this section we will see that the solutions to a certain equation on a four-manifold M 
endowed with a vector bundle E form a moduli space of finite dimension. This is the 
moduli space of anti-self-dual connections and is the main object of Donaldson theory. A 
thorough description of this space would take too much space-time, and then we content 
ourselves with a local description which will be enough for our purposes. A detailed 
account can be found in |^, ^ . Good introductory references are 

We suppose now that M is an oriented, compact, Riemannian four-manifold. The 
Riemannian structure allows us to define the Hodge star operator *, which is related to 
the induced metric on the forms by: 

i/j A *6 = {'ifj,6)dfi, (2.2.7) 

where d/r is the Riemannian volume element. * gives a splitting of the two-forms 0?{M) 
in self-dual (SD) and anti-self-dual (ASD) forms, dehned as the ±1 eigenspaces of * and 
denoted by D^’+(M) and respectively. This splitting extends in a natural way 

to bundle-valued forms, in particular to the curvature associated to the connection A, 
Fa G D^(g£;). We call a connection ASD if F 4 =0. It is instructive to consider this 
condition in the case of M = with the Euclidean metric. If { 60 , 61 , 62 , 63 } is an 
oriented orthonormal frame, a basis for SD (ASD) forms is given by: 


56, 85 


{60 A 61 ± 62 A 63, 60 A 63 ± 61 A 62, 60 A 62 i 63 A 61}. ( 2 . 2 . 8 ) 

The curvature Fa can then be decomposed as Fa = -|- Fjf, where: 

n = 


-(Foi ± .^23) (60 A 61 ± 62 A 63) 
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+ ±-^i2)(eo A 63 ± ei A 62) 

+ 2(-^02 ±-^3i)(eo A 62 ± 63 A ei), ( 2 . 2 . 9 ) 


and the ASD condition reads: 


-foi + F 23 — 0 

-^03 + Fi2 = 0 

F02 + A31 = 0. (2.2.10) 


There is a relationship between the ASD condition and the topology of the vector bnndle 
E. We will restrict onrselves to SU{2) bnndles where E corresponds to the fnndamental 
representation. Therefore, E will be a two-dimensional complex vector bnndle. SU{2) 
bnndles over a compact fonr-manifold are completely classihed by the second Chern class 
C 2 {E) (for a proof, see |^). Chern-Weil theory gives a representative of the cohomology 
class of C 2 {E) in terms of the curvatnre of the connection: 


= Ig^TrFj]. (2.2.11) 

where is a skew-adjoint, trace-free matrix valned two-form. When dealing with ASD 
connections, the instanton number k is better dehned as the integral of C 2 {E) over M. 
The next step is to dehne Riemannian metrics on the bnndles D*(g£;). If we take as the 
Lie algebra of SU{2) the skew-adjoint, trace-free matrices, which have the form: 




ia 

—b + ic 


b + ic 
—ia 


a,b,c E R, 


( 2 . 2 . 12 ) 


the trace is a negative dehnite form: 

Trf = - 2 ( 0 ^ + b^ + c^) = -2|e|^ e e su(2). 


(2.2.13) 


Therefore we dehne the Riemannian metric on Q*T*M ^gE nsing the Riemannian metric 
on the forms (|2.2.7|) and (|2.2.13|) : 


(V^,0) = -Tr(V^,0), (2.2.14) 

which is positive dehnite. It should be noticed that in Field Theory one usually dehnes 
su(2) as the self-adjoint, trace-free matrices, and therefore the trace is a positive dehnite 
form. 

Using (|2.2.14|) , we get 


Tr(Fl) = -{|F1I" - \FXfW, (2.2.15) 

and we see that if A is an ASD connection (F 4 = 0) the instanton number is positive. 
This gives a topological constraint on the existence of ASD connections. 
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The first step to define the moduli space of ASD connections is well known in Physics. 
If A is ASD, then the action of any gauge transformation on A gives another ASD con¬ 
nection, because of ( | 2 . 1 .(j| ). One must then “divide by in order to obtain a hnite 
dimensional moduli space. We then consider the map 


gxA^A (2.2.16) 

and the associated quotient space AjQ. The equivalence class of connections in this 
quotient space are denoted by [A]. There are some requirements on the action of Q in 
order to have a manifold structure on AjQ. The hrst obstruction is the possibility of a 
non-free action of Q. We then define the isotropy group of a connection A, T^, as 

Ta = {ueg\u{A) = A}. (2.2.17) 

Notice from the definition that constant sections of the trivial subbundle associated to 
the center of G, G(G), are always in T^. From the description of m as a section of Aut{E) 
and the action on A given in (p.l.5|) , we see that 

Ta = {w G T{Ant{E))\dAU = 0}, (2.2.18) 

i.e. the isotropy group at A is given by the covariant constant sections of the bundle 
Aut{E). It follows that T^ is a Lie group, and its Lie algebra is given by 

Lie(r^) = {/ e D%gE)\dAf = 0}. (2.2.19) 

If C{G) is discrete, as it happens for SU{2), a useful way to detect if T^ is bigger than 
C{G) (and has positive dimension) is to study the kernel of cIa in r2°(g£;). 

It is then natural to consider the subset A* of connections whose isotropy group is 
minimal: 

A* = {Ae A\Ta = G{G)}. (2.2.20) 

Such connections are called irreducible. From the above descriptions, and for the group 
G = SU{2), there are alternative descriptions of this dehnition which turn out to be very 
useful (see |^^). Reducible connections correspond to a non-zero kernel of 

-dA:f^°(gi?)^f^'(gi?), (2.2.21) 

and they have an isotropy group F^/G(G) = U{1). This means, topologically, that the 
bundle E splits as: 

Ec^L®L-\ ( 2 . 2 . 22 ) 

with L a complex line bundle. There is also a topological constraint to have such a 
splitting, because it implies that C 2 {E) = —ci(L)^. As SU{2) bundles over compact four- 
manifolds are completely characterized by the second Chern class, and in the same way 
the first Chern class classifies line bundles over any manifold, we see that, for M compact, 
reductions of E are in one-to-one correspondence with cohomology classes a G Z) 

such that = —C 2 {E). 
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A natural consequence of all this is that the reduced group of gauge transformations 
Q = QjTi 2 acts freely on A*. We will restrict ourselves to this framework when studying 
the local structure of the moduli space. 

The most useful way to divide by the action of the gauge group is to consider slices 
of the action of the reduced gauge group Q. The procedure is simply to consider the 
derivative of the map (^.2.161) in the Q variable at a point A & A* io obtain 


C : Lie(^) —^ TaA, 


(2.2.23) 


which is nothing but (|2.2.21| ) (notice the minus sign in which comes from the definition 
of the action in ( p.l.5|) ). We have a principal bundle structure A* — > A*/Q, and (|2.2.23|) 
is the map defining fundamental vector fields on A* . Using (|2.2.14|) we can define an 
metric on the spaces r2*(gE) by integrating on M, and this in turn gives a formal adjoint 
operator: 

(2.2.24) 

Then we can orthogonally decompose the tangent space at A into the gauge orbit Im (Ia 
and its complement: 

^^(ge) = Im © Ker d*A. (2.2.25) 

This is precisely the slice of the action we were looking for. Locally, this means that the 
neighbourhood of [A] in A*/Q can be modelled by the subspace of TaA given by Ker d^. 
Furthermore, the isotropy group T^ has a natural action on r2^(g£;) given by the adjoint 
multiplication, as in (|2.1.6|) . If the connection is reducible, the moduli space is locally 
modelled on (Ker d(^)/r^ 


see 


41 


We have obtained a local model for the orbit space, but we need to enforce the ASD 
condition to obtain a local model for the moduli space of ASD connections modulo gauge 
transformations, AIasd- This model was introduced by Atiyah, Hitchin and Singer to¬ 
gether with the instanton deformation complex, and we will closely follow their description 
ig. Let A be an irreducible ASD connection, verifying = 0, and let A-|-a be another 


ASD connection, where a G r2^(g£;). The condition we get on a starting from i^A+a = 0 is 
p'^{dA(i + a A a) =0, where is the projector on the SD part of a two-form. To obtain 
this expression, notice that the curvature can be defined as Fa = dAdA, and the covariant 
derivative corresponding to A + a is dA + a- Thus we get a map: 


p^F : Ker d* 




(2.2.26) 


given by p'^F{a) = p'^{dAa + a A a). The zero set of this map describes the neigbourhood 
of [A] in Af asd- To study this map, one can apply an infinite-dimensional version of 
transversality theory. The first thing to do is to linearize the map above, to get: 

p+dA : Ker d*A fl'’+(gE). (2.2.27) 


A key point to prove that the moduli space AIasd is finite-dimensional is to show that 
the above operator is Fredholm, because by definition a Fredholm operator has finite 
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dimensional kernel and cokernel. A useful way to see this is to consider the following 
instanton deformation complex or Atiyah-Hitchin-Singer (AHS) complex |]I^ : 




p+dA 


0 . 


(2.2.28) 


This is in fact a complex, because the ASD condition on A guarantees that 

p'^dAdA(j) = (/>] = 0, 0 6 D°(g£;). (2.2.29) 


To see that it is elliptic, we can form the single operator: 

5a = d*AC) p-^dA : D^(gE) —> f^°(g£;) © D^’+(g£), 


(2.2.30) 


which is elliptic. Therefore Sa is Fredholm, and we have that Ker 6a = Ker d^flKer p~^dA 
is hnite-dimensional, as well as Coker Sa = Coker d*A © Coker p~^dA- But the first kernel 
is just the kernel of (|2.2.27]) , and from the decomposition ( |2.2.25|) and ( p.2.29|) we see that 
Coker p'^dAlKer d* = Coker p'^dA- Therefore, ( p.2.27|) is also Fredholm, with index: 


index p'^dA\Ker d* = index Sa + dim Ker Sa- 


(2.2.31) 


Now, if p+dyilker d\ K surjective (he, Coker p'^dA = 0), and A is irreducible, we can apply 
the implicit function theorem and get as a local model for the moduli space the middle 


cohomology group of the complex (|2.2.28|): 




Ker p'^dA 
Im Sa 


(2.2.32) 


which is naturally isomorphic to Ker d\ fl Ker p^dA- This is in fact the tangent space 
7 "[a]A1asd to the moduli space at the point [A]. Irreducible connections A such that 
Coker p'^dA = H\ = 0 are called regular For these connections the dimension of 
the moduli space is given by index Sa, which is the index of the instanton deformation 
complex and is usually called the virtual dimension of the moduli space. 

In favourable situations, then, index <5^ gives dim Af asd, and can be computed for 
any gauge group G using the Atiyah-Singer index theorem. This is done in |^, and the 
result for SU{N) is: 


dim ATasd = 4:Nc2{E) 





(2.2.33) 


where x is fhe Euler characteristic of M and a its signature. Recall that, for a four- 
manifold, X = 2 — 2bi{M) + 62 (Af), a = bfiM) — bf{M), where bi{M) are the Betti 
numbers of M and 6^ are the dimensions of R). It follows that x + <^ = 2 — 

26 i(M) + 26 ^(M). 


The conclusion of this analysis is that, if A is an irreducible, regular, ASD connection, 
the moduli space in a neighbourhood of this point can be modelled by the linearization 
associated to the instanton deformation complex and is represented by (p2.2.32|). But one 
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should know what are the conditions for the moduli space not to contain reducible, non¬ 
regular ASD connections. Notice that reducibility and regularity depend on the metric 
chosen on the four-manifold M, and usually one looks for conditions guaranteeing the 
smoothness of the moduli space for a generic metric on M. The meaning of “generic” can 
be made more precise in the context of transversality theory and the Sard-Smale theorem. 
It roughly refers to a dense subset in some space parametrizing the possible metrics on 
M. When we say, then, “for a generic metric”, we mean “for a dense subset in the space 
of metrics”. Again, we refer to PT|, 


we mean 
for more details. 


Concerning reducibility, for G = SU{2), and using the above results on the classifi¬ 
cation of reductions, one sees that reducible SU{2) ASD connections correspond to line 
bundles whose first Chern class can be represented by an ASD two-form. It follows, us¬ 
ing transversality theory, that if bt > r, ASD f/(l) connections do not occur in generic 
r-dimensional families of metrics. These guarantees that for 6^ > 0 there are no reducible 
SU{2) ASD connections on a dense subset of metrics. Actually one needs more than 
that, because metric-independence of the Donaldson invariants can be guaranteed if one 
does not meet reducible solutions in a one-parameter family of metrics. This is why one 
requires 6^ > 1. 

One can also prove with the same techniques that generically H]^ = 0 |^, and 
therefore the moduli spaces are generically smooth when 6^ > 1, because in this case the 
two sources of singularities (reductions and non-regular points) are not present. However 
there is an important case in which one does not deal with generic metrics: this is the case 
of M being a Kahler manifold. Kahler metrics are far from being generic, and then the 
general results above do not necessarily apply. For these manifolds, as we will see, there 
is a very precise algebro-geometric description of the moduli spaces of ASD connections 
in terms of stable bundles. Regularity conditions do not always hold, but we can still 
have smooth moduli spaces (the regularity condition is only sufficient) which will have 
in general a dimension larger than the virtual one given in (|2.2.33|) . This fact has some 
important consequences for the computation of the topological invariants. A possible 
issue is to perturb the ASD equations in an appropriate way in order to obtain a regular, 
perturbed moduli space. We will comment on this in section 4. 


2.3 The ASD equations on Kahler manifolds 

Kahler manifolds are an interesting arena in Donaldson theory. They lead to a picture 
of the moduli space of ASD connections which can be formulated in terms of algebraic 
geometry, and explicit computations are often possible. From the point of view of Topo¬ 
logical Quantum Field Theory, Kahler geometry is also of special relevance, as we will 
see in Chapter 6. In this section we will review some properties of holomorphic vector 
bundles over complex manifolds and state the relation between ASD connections on com¬ 
pact Kahler manifolds and stable bundles. We will briefly review the algebro-geometric 
construction of local models for the moduli space and its relation with the Atiyah-Hitchin- 
Singer model sketched in the previous section. We will also explain the relevant features of 
symplectic geometry which provide a general setting for the equivalence of moduli spaces 
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that we will find. The obvious references for this section are Eli, |65|, K 


2.3.1 ASD connections and stable holomorphic vector bundles 

We will begin by considering a general situation: the case of M being a complex manifold. 
A complex vector bundle £ over M is holomorphic if we can find a local trivialization 
such that the transition functions are holomorphic. In that case, one can define a linear 
operator for differential forms with values in the bundle £: 

ds : n^’P{£) —^ (2.3.34) 


which satisfies the Leibniz rule and gives zero acting on holomorphic sections of £. It is 
also nilpotent, and this allows us to define a Dolbeault cohomology: 


HP{£) 


Ker dg 
Im ds 


(2.3.35) 


A complex vector bundle E is not neccesarily holomorphic. The introduction of the oper¬ 
ator ds allows one to formulate in differential-geometric terms a necessary and sufficient 
condition for E to be holomorphic. To accomplish this it is useful to introduce the con¬ 
cept of partial connection m 


operator 


A partial connection on a complex vector bundle E is an 
: Q\E) —^ Q^’\E) (2.3.36) 


satisfying the Leibniz rule. In a local trivialization, the partial connection can be expressed 
as da = d + a, where a is a (0, l)-form. It is easy to check that, if one can find a local 
trivialization of E in which a = 0 on every trivializing patch, then the corresponding 
transition functions are holomorphic functions and the bundle is holomorphic. If this is 
the case, the partial connection is called integrable. Notice that this notion of integrability 
is a holomorphic analogue of flatness. In the same way, the necessary and sufficient 
condition for da to be integrable is d^ = 0. 

It is clear that a connection A on a complex vector bundle E defines a partial connec¬ 
tion: due to the bigrading of differential forms on a complex manifold, we can decompose 
the covariant derivative as + Qai and the antiholomorphic part gives the partial 

connection associated to A. The integrability condition reads in this case: 



(2.3.37) 


We will be interested in unitary connections, he., we will work with Hermitian vector 
bundles (i7, h) {h is the Hermitian metric) and connections compatible with the Her¬ 
mitian structure. If a connection is unitary, the connection and curvature matrix are 
skew-adjoint. The main result we get is the following: a unitary connection on a Her¬ 
mitian complex vector bundle {E, h) defines a holomorphic structure if and only if its 
curvature is of type (1,1) (because = —(F^’°)f=0). Conversely, given a holomorphic, 
Hermitian vector bundle (T, h), there is a unique unitary connection compatible with both 
the holomorphic and the Hermitian structure. 
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It seems that the moduli space of holomorphic structures on a complex, Hermitian 
vector bundle {E, h) would be parametrized by the space of unitary connections with 
curvature of type (1,1), which will be denoted by However, two different connections 
Ai, A 2 E A^'^ can give isomorphic holomorphic structures. Thus we should dehne some 
equivalence relation in A^'^ in order to recover in a proper way the moduli space of 
holomorphic structures of E. To this end we must consider the complex gauge group of 
general linear automorphisms of E, Q^. This group is the complexification of the group 
of gauge transformations introduced in section 1. Notice that, if g E Q takes values (in a 
local trivialization) in SU{2), the elements in the complexified gauge group take values in 
5/(2, C). The equivalence relation in A^’^ is associated to the action of on the unitary 
connections, which is dehned as follows. Set g = {g^)~^. Then, if g E the covariant 
derivative transforms under g as: 

dg(A) = 9dAg~\ 

dgiA) = gdAt^. (2.3.38) 

ff g E Q, then g = g, and we recover precisely (|2.1.4|) . Notice that the action of 
preserves the space A^'^. We say that Ai, A 2 E A^'^ are equivalent (in the sense that they 
give isomorphic holomorphic structures) if there exists & g E such that 

A2 = g{Ai). (2.3.39) 

Our final conclusion is that the moduli space of holomorphic structures on a complex, 
Hermitian vector bundle {E, h), can be identihed with the quotient 

A^'^jQ^. (2.3.40) 

What is the relevance of this discussion to the study of ASD connections on four- 
manifolds? Suppose that our four-manifold M is a complex surface endowed with a 
Hermitian metric g. Associated to this metric, there is a real (1,1) form a;, called the 
Kdhler form, with the following expression in local coordinates: 

u! = i'^g{jdz^dzL (2.3.41) 

O' 

M is Kahler if uj is closed. The interesting thing is that SD forms on M (more precisely, 
the complexihed SD forms) can be related to the bigraded decomposition of differential 
forms associated to the complex structure. We have the following equality: 

D^+(M) = © D°(M) • a; © (2.3.42) 

where Q^{M) -u denotes multiples of the (1,1) Kahler form. Correspondingly, ASD forms 
are given by (1, l)-forms pointwise orthogonal to u in the induced metric. If we consider 
the operator A, the adjoint to the operator given by wedge product by 00 , we can write 
the (1,1) part of the curvature as 


F^/ 


-AFauj + D, 


(2.3.43) 
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where D is pointwise orthogonal to u (the 1/2 factor comes from the fact that (a;, a;) = n 
in a complex manifold of dimension n). 

We can now marry the decomposition given in ( |2.3.42| ) with the above results for the 
existence of holomorphic structures on E. It is clear that if A is an ASD connection on 
{E,h), over a Hermitian complex surface M, then = 0 and there is a holomorphic 
structure on E associated to A. Conversely, suppose that {£, h) is a holomorphic, Her¬ 
mitian vector bundle over M. A unitary connection A compatible with the holomorphic 
structure (he, Oa = ds) is ASD if and only if AFa = 0. 

The previous results give a new point of view on the solutions to the ASD equation: 
a solution will be given by a holomorphic structure on the Hermitian vector bundle E, 
{£,h), such that the associated unitary connection verihes AFa = 0. More precisely, 
recall that a single holomorphic structure is associated to different connections in 
related by complex gauge transformations, he, to a orbit. It would be extremely 
useful to have a criterium for the holomorphic vector bundle {S, h) to admit a solution to 
this equation for (at least) one of the connections in the orbit. Remarkably, when M is a 
compact Kahler surface, such a criterium exists and is of an algebro-geometric nature: it 
is equivalent to the stability of the holomorphic vector bundle £. The concept of stability 
has played a major role in the study of moduli problems over Kahler manifolds (see for 
instance [^, ^ |^). We will then precise what a stable holomorphic bundle is and state 
the hnal result in relation to Donaldson theory. 

Let M be a compact Kahler manifold of dimension n, and let be a holomorphic 
vector bundle over M. The degree of £ is dehned as: 


deg(T) = [ Ci(F) A 
Jm 


UJ 


n—l 


(n- 1)!’ 


and the slope of £ as: 


M^) = 


deg(g) 
rk(£) ' 


(2.3.44) 


(2.3.45) 


A holomorphic Sl{2, C) bundle £ is stable if, for each holomorphic line bundle C for which 
there is a non-trivial holomorphic map £ ^ C, we have: 


deg(D) > 0. 


(2.3.46) 


This is the dehnition of stability given in |^, and is sufficient to our expository purposes, 
but we point out that in the general dehnition one has to consider subsheaves of £. See 
0 for more details. 

The main results on the existence of solutions to the ASD equations on Kahler surfaces 
and the relation to the stability condition were obtained by Donaldson in [^. Before 
we asked for a criterium for a holomorphic bundle £ to admit a solution of the equation 
AFa = 0 in its orbit. Donaldson’s theorem gives a complete answer to this question, 
in the case of SU{2) connections. First of all, any orbit contains at most one Q 
orbit of solutions {i.e., one solution modulo gauge transformations). This will be the 
case if the holomorphic bundle is stable (notice that the stability condition is of algebro- 
geometric nature and is preserved by the action of Q^) or if it splits holomorphically as 
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S = L T) L~^, where L is a holomorphic line bundle of deg(L) = 0. In the hrst case, 
the solution corresponds to an irreducible ASD connection, and in the second case to a 
reducible one. In this way, for E an SU{2) bundle over a Kahler compact surface M, we 
can identify the moduli space of irreducible ASD connections with the set of equivalence 
classes of stable holomorphic bundles S which are topologically equivalent to E. 

The above equivalence is just a equivalence at the level of sets. We would like now 
to precise these results by considering the local model for deformation of holomorphic 
structures on vector bundles and comparing the resulting picture with the one provided 
by the AHS deformation complex |^, ^]. Let A' be a complex vector bundle and let 8 


be a holomorphic structure on E, characterized by the operator d^. Let us consider a 
one-parameter family of partial connections, given by 


dt — dg + at, at G D'^’^(Endo(T)), 


(2.3.47) 


where oq = 0 and Endo(T) denotes the trace-free endomorphisms of 8. The condition for 
this new connection to be in is easily computed: 


dgat + at A at = 0. 


At hrst order in t, i.e., in the linear approximation, (|2.3.48|) reads 

dga = 0 , 


a = 


/dat\ 

V m ) 


dt H=o' 


(2.3.48) 


(2.3.49) 


In this case we must quotient by the group Q^, and we must get rid of the linearized 
deformations coming from one-parameter families of complex gauge transformations. The 
gauge orbits correspond in this case to the gauge orbits induced by elements in the Lie 
algebra of Q^, r2°(Endo(T)): 

dt = 9tds98\ (2.3.50) 

and the linearized deformations induced by the complex gauge transformations are given 
by: 


(3 = -dgg, 




G D°(Endo(T)). 


V dt 

We have then obtained the Kodaira-Spencer complex'. 

0 —^ D°(Endo(T)) ^ D°’i(Endo(T)) ^ D°’2(Endo(T)) —^ 0. 


(2.3.51) 


(2.3.52) 


In this case, the cohomology of the complex is given by the Dolbeault or sheaf cohomology 
groups, and the tangent space is then modelled by 


7/°’'(Endo(T)) = 


Ker dg 


(2.3.53) 


Im dg 

If we want to compare (|2.3.52|) with (|2.2.28|) , we hrst implement the natural isomorphisms 

D\gE) ^ 8f'\Endo{8)), 

^ D°(Endo(T))©D°’2(Endo(T)). 


r'^ 


(2.3.54) 
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The holomorphic structure ds can be identified with a connection A G such that 
ds = dA, and (|2.3.52|) is the written as 


d'^®dA-. ll°’^(Endo(^)) —^ ll‘'(Endo(^)) © ll''’"(Endo(^)). 


0 , 2 / 


(2.3.55) 


Using the Kahler identities for the Dolbeault operators |51 


[A, d] = —id*, [A, d] = id*, 


(2.3.56) 


we see that (p.3.55|) can be identified to (p.2.30|) . In particular we can identify the re¬ 
sulting local models for the moduli space, ( |2.3.53|) and (p.2.32|) . For more details on this 
equivalence, see and specially 


2.3.2 ASD connections and symplectic geometry 


The equivalence above can be analyzed in a general setting using techniques from sym¬ 
plectic geometry. The main point is to realize the original moduli space as a symplectic 
quotient, and then one can obtain the desired identification on general grounds. This is 
also useful to introduce symplectic and Kahler structures on the moduli space, through 
the Marsden-Weinstein theorem. This elegant framework was introduced by Atiyah and 
Bott in their study of the Yang-Mills equations over Riemann surfaces (which can be 
seen as a two-dimensional analogue of Donaldson theory) and also applies to other moduli 
problems on Kahler manifolds, as we will see later. 

The basic ingredient of symplectic geometry that arises in this setting is the moment 
map (for a detailed discussion, see [p^ , |104|| ). Suppose that (M, D) is a symplectic manifold 
and that there is a Lie group action on M preserving the symplectic form. This action 
defines a map from the Lie algebra of G, g to the symplectic vector fields on M: 


C ; gSym(M), £(C'(O)f^ = 0, (2.3.57) 

where C{X) denotes the Lie derivative with respect to a vector field X. From the basic 
homotopy identity for the Lie derivative and the fact that D is closed one obtains that 
the one-form 

t(U(0)f^ (2.3.58) 

is closed, where i{X) denotes as usual the inner product with the vector field X. One can 
wonder if the one-form ( ^.3.581) is exact, and this leads to the introduction of Hamiltonian 
structures and more generally to the introduction of a moment map. A moment map is 
a map 

/i : M —^ g* ( 2 . 3 . 59 ) 

such that 

{dn^{v),Qi = TL{v,C{i)), veT^M, ^ e g, (2.3.60) 

where ( , ) denotes here the dual pairing between g and g*. If a moment map exists, 

then t(C'(,^))D is obviously exact. The case of interest for us is when the moment map 
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not only exists, bnt it is also eqnivariant with respect to the action of the gronp G. The 
action of G on g* is given by the coadjoint action: 


Gxg* ^ g* 


(c/,A) ^ (ad*A)(0 

= (A,adg(0) ^ e g. 

(2.3.61) 

and equivariance means 



fi{gx) = (adp/i(a;). 

X G g G G. 

(2.3.62) 


If (|2.3.62|) holds, /i ^(0) is an invariant snbset for the G action and one can consider the 
symplectic quotient or rednced phase space 


W = n-\0)/G. (2.3.63) 


If 0 G g* is a regnlar valne for fi and G acts freely on /r“^(0), then IT is a smooth 
manifold, and the Mardsen-Weinstein reduction endows it with a symplectic structure 
inherited from M. 

In the Yang-Mills framework, as usual, we will deal with inhnite-dimensional general¬ 
izations of this situation. As an important example, let (M, uj) be a compact symplectic 
manifold of dimension 2n. In the space of connections M on a unitary bundle E we can 
dehne an induced symplectic form given by 


= [ Tr(V'A 0) A 

JM 


(2.3.64) 


where 4!, 0 ^ f2^(g£;) are tangent vectors to A. The group action corresponds to the gauge 


transformations Q, and preserves (|2.3.64|) . We use the natural inner product on Lie(^) to 
identify Lie(^)* = f2^"(g£;). We can construct a moment map for this action given by 


/i(A) = FaLuj^~\ 


(2.3.65) 


This is easily checked as follows. The differential of ( p.3.65|) is 


duAiip) = dAip A a;” ^ 


(2.3.66) 


and, after integrating by parts, one obtains 


which is precisely 


{diiA{'ip)A) = - [ Tr(^/>(i^0) Acn” ^ = ff(V’, C(0)), (2.3.67) 

JM 

( p.3.60|) . Equivariance of fi can also be easily checked. 

Finally we consider the relevant situation to Donaldson theory. Suppose (M, a;) is now 
a Kahler manifold, therefore symplectic with symplectic form u. As before, assume that 
a group G acts on M isometrically and then preserving the symplectic form. As M is 
complex, there is a natural extension of the action of G to the complexihcation G^. In 
this context there is a natural identihcation between the symplectic quotient of M by G 
and the space of orbits of G^ in M. An orbit of the complexihed group is called stable if 
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it contains a zero of the moment map and its points have no continnons isotropy gronps. 
Stable points are those lying on stable orbits, and this snbset is denoted as Ms. Then, 
the complex qnotient Ms/G^ can be identihed with the symplectic qnotient W* of M* 
by G, where M* denotes the snbset of points with no continnons isotropy gronps under 
the G action. 

We will see now that this general result encompass the conclusions about the moduli 
space of ASD connections in the case of a Kahler manifold. We have seen that the space 
of connections on a unitary bundle E over a symplectic manifold M inherits a natural 
symplectic structure. The same phenomenon occurs when M is Kahler. The complex 
structure on A is obtained by identifying the holomophic tangent vectors as the elements 
in The Hermitian metric on M also gives A a Hermitian structure in such a way 

that A becomes a flat Kahler manifold, with the Kahler form given by the expression in 
( p.3.64|) . The action of the gauge group is by isometries, and of course its complexihcation 
with respect to the complex structure introduced in A is the complexihed gauge group 


see 


p5[] for details). 

In the study of holomorphic bundles, we should restrict ourselves to and the 

above remarks also hold. The moment map in this case has the form: 


^l{A) = Fa A = -AFauj^, 

n 


(2.3.68) 


which is the n-dimensional version of (p.3.43|) . We see that, for four-dimensional mani¬ 
folds, the zeros of the moment map are the ASD connections, and the symplectic quotient 
W* is just the moduli space of irreducible ASD connections. The identihcation obtained 
with symplectic techniques is precisely the one we discussed in the previous subsection. 
In fact Donaldson’s theorem also identihes the stability concept arising in algebraic 


geometry and stability in the sense of gradient flows, as it appears in the framework of 
the orbits of the complexihed action. These equivalences, exploited in the seminal work of 
Atiyah and Bott |]^, also appear in other moduli problems, in particular in the context 
of vortex or monopole equations p.l4|, [73|, ^ 


Another example will be studied in 


Chapter 4. 


2.4 Donaldson invariants 

One of the main goals of Donaldson theory is to dehne topological invariants starting 
from the solutions of a certain differential equation on a manifold. This is a well-known 
problem in topology, and the most familiar situation of this kind is the case of a vector 
held X on a manifold M. The zero locus of this vector held is generically a set of discrete 
points, and to each point one can associate (if the manifold is orientable) the index of the 
vector held at this point, index(X, p) = ±1. The sum of the indices is, by the PoincarA 
Hopf theorem, a topological invariant of M, namely the Euler characteristic x{^)- This 
example is actually a special case of a general situation which one can generalize to an 
inhnite-dimensional setting and provides a construction of Donaldson invariants. It is 
precisely this special construction the natural one arising in Topological Quantum Field 
Theory, through the Mathai-Quillen construction, as we will see in chapter 3. 
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We will reformulate Donaldson theory in terms of Fredholm differential topology. Let 
A* the space of irreducible connections. With the action of ^ = Q/C(G), A* becomes a 
principal bundle over the space of irreducible connections modulo gauge transformations, 
B*: 

G ^ A* 

i (2.4.69) 

B* 

The group G also acts on the vector space and we can construct an associated 

vector bundle 

8 = A*XgD^'^{gE). (2.4.70) 

over B*. The ASD connection can be regarded as a ^/C(G)-equivariant map 

s : A* —^ f22’’^(gii;) 

A ^ s(A) = (2.4.71) 


and this induces a section s : B* ^ 8 of the associated vector bundle given in (p.4.70|) . 
Notice that the zero locus of s is precisely the moduli space of irreducible ASD connections, 
AIasd- Most of our previous remarks on the construction of the moduli space translate to 
this framework. In particular, s is Fredholm, and for a generic metric on the four-manifold 
M, the zero locus of s is regular, its dimension is given by the index of (|2.2.3CI|) and equals 
( g:233D . 


Before pursuing this line of thought, let us consider a different question. The Donald¬ 
son invariants are roughly defined in terms of integrals of differential forms in the moduli 
space of irreducible ASD connections. These differential forms come from the rational 
cohomology ring of B*, and it is necessary to have an explicit description of this ring. 
The construction involves the universal bundle or universal instanton associated to this 
moduli problem. Let P be the principal G-bundle over M associated to E, and consider 
the space A* x P. This space can be consider as a pullback bundle: 


7r*(P) = A* X P 

P 


i 

i 

(2.4.72) 

A* X M ^ 

M 



In this construction, the space A* x P is called a family of tautological connections. In 
fact, the natural conection on A* x P is tautological in the P direction and trivial in the 
A* direction: at the point (A,p), the connection is given by A{p). 

On the other hand, the group of gauge transformations G acts on both factors, and 
the quotient 

P = A*XgP (2.4.73) 


is a G/0(G)-bundle over B* x M. This is the universal bundle associated to P. 

The next step is to construct a connection on the universal bundle and compute its 
curvature. This was done in |]^ in relation to anomalies in Quantum Field Theory. To 
define the connection on the universal bundle, we need a connection on the principal 
bundle A* ^ B*. We define this connection through a horizontal distribution on A*. The 
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procedure is very general and has a key role in the construction of Topological Gauge 
Theories in the Mathai-Quillen formalism 


16 


I- We will describe it here in general. 
Let F be a principal G-bundle endowed with a Riemannian metric g on P which is G- 
invariant. We use this metric to define the connection on F, by declaring the horizontal 
subspace to be the orthogonal complement to the vertical one. More explicitly, one starts 
from the map dehning fundamental vector helds on F: 


Cp = Rp,-.g^ TpP. (2.4.74) 

Consider now the following differential form on F with values in g*: 

~ 9p{Rp*-^i^p)i ^p ^ TpP, y4 G g. (2.4.75) 

We can use the Killing form on g to obtain a one-form on F with values in g, denoted by 
V. Notice that Vp = C^, the adjoint of Cp, which is defined by the metric on F together 
with the Killing form on g. If F = C'^C', the connection one-form is defined by: 

6 = R-^u. (2.4.76) 


The curvature of this connection can be easily computed on horizontal vectors. In this 
case, it is simply given by: 

K = de = R-^du, (2.4.77) 


as the other terms vanish on the horizontal subspace . 

In the case we are considering, F = M*, we have seen that the Riemannian metric on 
M endows the space of differential forms with values in g^; with the metric ( 2.2.14| ). The 
fundamental vector helds are the tangents to the gauge orbits, and are given at R G 
by Im as it follows from (|2.2.23|) and (|2.2.21|) . The horizontal vectors are obtained 
according to the othogonal decomposition in (|2.2.25|) , he., they are the one-forms with 
values in g^; in the kernel of d\. In this case, the operator is given by —d% R is the 
laplacian d\dA, and its inverse is the Green function Ga associated to this laplacian. The 
connection one-form is then, at the point A: 


e, = -GaT 


A^a- 


(2.4.78) 


The curvature can be obtained explicitly evaluating dv on two horizontal vectors , but 
we don’t need that expression. 

Once we have obtained a connection on the principal bundle A*, we can obtain a 
connection on the universal bundle P. Its curvature has two pieces. One of them comes 
from the tautological connection on A* x F, and the other comes from the connection 
that we have just dehned on A*. The total curvature is a form in D?[A* x M,gp), and 
splits according to the bigrading of r2*(M* x M). Adding both pieces, one gets at ([A],a;) 
0 , 0 : 


Kp{X,Y) = Fa{X,Y), 
Kp{a,X) = a{X), 
Kp{a,b) = GAdu^a,!), 


(2.4.79) 
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where X, Y ^ T^M, and a, b E f2^(gp) are horizontal with respect to the distribntion 
in A*. The hrst and last components come from the tantological connection and the 
horizontal distribntion, respectively. The second component is the horizontal projection 
of the “mixed” contribntion in the tantological connection. 

In the case of G = SU{2), the nniversal bnndle P is a SU(2)/Z 2 = 50(3) bnndle 
due to the non-triviality of the center. Using Chern-Weil theory, we can represent the 
Pontriagin class — pi(P)/4 by the four-form 

^Tr(fPpAiPp). (2.4.80) 

In this Pontriagin class, there is a piece in H^{B*) (taking only the last component in 

( p.4.79|) ). This gives a four-form on the space of irreducible connections modulo gauge 
transformations: 

O = J^TiiGAdu A GAdu). (2.4.81) 

87r^ 

This form is originally dehned on A*, but it is gauge invariant and its horizontal part 
projects to a form on B*. There is also a piece in (|2.4.8U|) which is in H‘^{B*) ® H‘^{M). 
We can then take the slant product of this piece with a homology class in 7^2 (Tf), [S]. 
This gives a two-form on B* for every [S], with the explicit expression; 

/(S)[^](a,6) = ^ j^Ti{GAdv{aA)FA + \{a Lb)), (2.4.82) 


where again a, b E f2^(gp) are horizontal. With this construction we have solved the 
problem of how to obtain the cohomology ring of B*, because one can prove that, for 
SU{2) connections over a simply-connected four-manifold, this ring is generated by the 
cohomology classes given in ( |2.4.81|) and (|2.4.82| ) for every [S] in H 2 {M). This mathemat¬ 
ical construction appears in Topological Gauge Theories as the descent procedure. This 
is because the BRST cohomology of these theories is essentially the equivariant cohomol¬ 
ogy (with respect to the gauge group Q) of the space of connections. The cohomology 
classes which are found (and called there observables) are essentially the generators of the 
cohomology of B*, and in this way one hnally obtains ( |2.4.81|) and ( p.4.82|) . 

We come back to the question of the dehnition of invariants. In hnite-dimensional 
situations, the zero locus of a transversal section of a vector bundle U is a smooth sub¬ 
manifold of the base space M. This submanifold represents the Poincare dual of the Euler 
class of E. As such, it has a topological meaning and it is independent of the Rieman- 
nian structures involved in the problem. When the zero locus of the section consists of 
single zeros, he., dim(M) = rk(U), and E and M are orientable, the Euler number of E 
can be obtained by counting the points in the zero locus with appropriate signs. This 
is roughly the way in which the hrst Donaldson invariant is dehned, when the moduli 
space of ASD connections has zero-dimension. To dehne higher dimensional invariants, 
we consider the product of an adequate number of generating cohomology classes (|2.4.81|) , 
( p.4.82|) with the homology class of WIasd in ■ Of course, this dehnition is not precise 
from the mathematical point of view, and one can consult [^, Q for a rigorous con¬ 
struction of the invariants. Two important requirements for this dehnition to make sense 
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are the orientability and the compactness of the modnli space. The moduli space Af asd 
is not compact, but there is a standard compactihcation which we won’t consider here, 
PI, On the other hand, to prove the orientability of the moduli space, one 


see 


must trivialize the highest exterior power of the tangent bundle. For regular, irreducible 
connections, = H\ = 0, and this line bundle is given by 


= A“""Ker 5a, 


(2.4.83) 


where 6a is dehned in (p.2.30|) . Therefore, under the above conditions, coker 6a = 0 and 
one must prove the triviality of the determinant line bundle of the operator 6a = d^^Op+dA, 
det ind 5 a- This has been done by Donaldson 
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Actually, Donaldson proves a 
stronger result, that the determinant line bundle of 5 a over B* is trivial, and that a 
canonical orientation is obtained from an orientation of the space H^{M) © 

In the case of zero-dimensional moduli spaces, the orientation is required to associate a 
well-dehned sign to every point. This sign can be understood as the sign of det 5 a. 

With the above requirements about compactness and orientability, one can dehne 
the invariants along the lines we sketched before. A non-rigorous formulation of the 
above remarks can be given, which is nonetheless useful to make contact with Topological 
Quantum Field Theory |^, Q. Let *h(T) be the Thom class of the vector bundle (|2.4.70|) . 


It is well-known that the Euler class of S, x(T), can be represented by the pullback of 
<I>(£^) by a transversal section of S, for instance the section s induced by ( p.4.71|) . We will 
represent the Donaldson invariants through a generating function. We choose a basis for 
the two-dimensional homology of M, [Sq], where a = 1, ■ ■ •, dim{H 2 {M)). The Donaldson 
invariants are then formally dehned as 

(exp(^aaJ(Sa)+/iC>)) = / x(£:) Aexp(^^aa/(Sa)+/iC>), (2.4.84) 

where x(T) = s*($(£^)), and a sum over all instanton numbers of E is understood. If 
we denote by i : AIasd fhe inclusion of the moduli space of irreducible ASD 

connections in B*, we can take into account that x{^) is the Poincare dual of the zero 
locus s“^(0) = AIasd, and write the Donaldson invariants as: 

(exp(^^aa/(S„)+/iC>)) = ^ exp(^^Q;aT(/(S„))+/iF(C>)). (2.4.85) 

As we are summing over instanton numbers, the dimension of AIasd will vary. It is 
clear that, from the expansion of the exponent in (|2.4.85|) , only the differential forms 
whose degree equals the dimension of A4asd will give a non zero invariant. This has 
a nice interpretation in the framework of Field Theory, as we will see in Chapter 4. 
On the other hand, the Mathai-Quillen formalism, which will be studied in chapter 3, 
gives a representative for the Thom form of a vector bundle *F(T) which can be formally 
generalized to the inhnite-dimensional setting. The Euler class of 8^ s*($(£^)), in this 
representation, can be seen to coincide with e“'^, where S is the action of a Topological 


Quantum Field Theory. According to (|2.4.84|) , the Donaldson invariants can be regarded 
as the correlation functions of certain operators which are precisely (|2.4.81|), (|2.4.82|), as 
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we have already mentioned. This gives the underlying geometrical reason of this fact, 
discovered by Witten using ordinary path-integral techniques in ||108| . 


To dehne the invariants, we have assumed in our discussion regularity of the moduli 
space. We have already mentioned that for non-generic metrics, for instance Kahler 
metrics, the moduli spaces can still be smooth manifolds with an actual dimension greater 
than the virtual one. In some cases we can compute the invariants in this situation, 
taking into account the non-vanishing of the obstruction cohomology (which in the case 
of Donaldson theory is the cohomology H]^). We consider the hbre bundle over the 
moduli space whose hbre at each point is given by the obstruction cohomology, and 
then we include in the right hand side of (|2.4.85|) (or its equivalent expression for other 
kind of invariants) the Euler class of this hnite-dimensional bundle. This procedure to 
compute invariants in some non-generic cases, specially in the realm of algebro-geometric 
descriptions of the moduli spaces, was introduced in ||112|| and applied in some two- 
dimensional situations . It has also led to the dehnition of the so-called Euler character 
theories ^ p.03|| 


As a general conclusion concerning this presentation of Donaldson theory, we would 
like to summarize the main steps that make possible to dehne topological invariants 
starting from a system of partial diherential equations |^, and that we have illustrated 
in the case of the equations for ASD connections. 

1) The maps involved must be Fredholm, i.e., the linearisation of the equations should 
give an elliptic complex whose index is the virtual dimension of the moduli space. 

2) The resulting moduli space must be orientable. 

3) One must not have reducible solutions in a one-parameter family of solutions. 

4) The moduli space must be compact, or should be compactihed in some appropriate 
way. 

























Chapter 3 

Twisted N = 2 SUSY 


In this Chapter we will review some basic facts about the twisting procedure and its 
relation with the construction of Topological Quantum Field Theories. The twist of Y = 2 
supersymmetry was introduced by Witten ||108| , |109|| as a general way to construct theories 
in which the correlation functions do not depend (at least formally) on the underlying 
metric of the manifold. The starting point are N = 2 supersymmetric theories in two 
and four dimensions, although (as it should be clear from the procedure) it can also be 
applied to Y = 4 supersymmetric theories ||118| , |103| , [8l| , |79| . There are excellent reviews 


on the subject, and we refer to them for a more complete survey ^]. First of all, we 
will describe the twisting procedure in four dimensions, but we will also describe some of 
the relevant features of the two-dimensional case. 


3.1 The twist in four dimensions 

The standard way to introduce the twisting procedure is as follows: in the global 
symmetry group of Y = 2 supersymmetry is 

n = SU{2)l X SU{2)r X SU{2)i x U{l)n (3.1.1) 

where fC = SU{2)l x SU{2)r is the rotation group, and SU{2)i and U{1)ti are internal 
symmetry groups. The supercharges Qia and of Y = 2 supersymmetry transform 
under Ti as (1/2,0,1/2)^ and (0,1/2,1/2)“^, respectively, and satisfy: 

{Qto.Qj/j} = (3.1.2) 

where eij and Cap are SU{2) invariant tensors, and Z is the central charge generator. The 
twist consists of considering as the rotation group the group JC = S'f/(2)/, x SU{2)r where 
SU{2)'j^ is the diagonal subgroup of SU{2)l x SU{2)i. Under the new global symmetry 
group 

W = SU{2)'^ X SU{2)r X U{l)n (3.1.3) 

the supercharges transform as (1/2,1/2)“^ © (1,0)^ © (0,0)h The twisting is achieved 
replacing any isospin index i by a spinor index a so that Qia Qpa and 
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The (0, 0)^ rotation invariant operator is Q = and satisfies the twisted version of the 
N = 2 snpersymmetric algebra (|3.1.2|) , often called topological algebra: 


{Q,g} = z, 


(3.1.4) 


In a theory with trivial central charge the right hand side of the last of these relations 
effectively vanishes and one has the ordinary sitnation in which = 0. The first of 
these relations is at the heart of the standard argnment to conclude that the resulting 
twisted theory will be topological. With the momentum tensor being Q-exact it is likely 
that the whole energy-momentum tensor is Q-exact. This would imply that the vacuum 
expectation values of Q-invariant operators which do not involve the metric are metric 
independent, he., that the theory is topological. To our knowledge, all the twisted N = 2 
theories which have been studied satisfy this property. 

The operator Q does not have to be nilpotent to define a Topological Quantum Field 
Theory. For instance, supersymmetric theories involving Yang-Mills fields close the su¬ 
persymmetric algebra up to a gauge transformation. This implies that in a twisted theory 
one does not have that vanishes but that it is a gauge transformation. This is the case 
for Donaldson-Witten theory in which the gauge parameter on the right hand side of the 
equation for is one of the scalar fields of the theory. In Chapter 4 we will construct a 
Topological Quantum Field Theory (a generalization of Donaldson-Witten theory ||108 


with this behaviour. In this case, the observables of the theory (he., the operators in the 
cohomology of Q) must be gauge invariant. Therefore, the relevant cohomology in these 
cases is the equivariant cohomology with respect to the gauge group. Similarly, in the 
presence of a non-trivial central charge, the first relation in (|3.1.4|) holds and therefore 
one has the same expectations to obtain a Topological Quantum Field Theory as in the 
ordinary case. One can regard the second relation in (p.l.4| ) as a situation similar to the 
case of Donaldson-Witten theory where the gauge symmetry is a global U{1) symmetry. 
In addition, this analogy implies that the correct mathematical framework to formulate 
these theories must involve an equivariant extension. We will see in Chapters 3 and 4 
that some theories with non-trivial central charge have an interesting interpretation in 
terms of equivariant cohomology with respect to a vector field action. 

An alternative (and equivalent) point of view on the twisting procedure is obtained 
when it is regarded as a gauging of an internal symmetry group, in which a global sym¬ 
metry of the underlying supersymmetric model is promoted to a space-time symmetry. 
In many cases, the gauging is performed by adding to the Lagrangian of the original 
theory a new term, involving the coupling of the internal current to the Spin connection 
of the underlying manifold |^, ^ . We will now discuss this approach to the twisting 
procedure in some detail, in the case of iV = 2 Yang-Mills theory, the model originally 
considered by Witten in the seminal paper ||108|| . The resulting Topological Quantun Field 


Theory is equivalent, as it is well known, to Donaldson theory: it describes the moduli 
space of ASD connections and the topological correlation functions are the Donaldson 
polynomials. 

The field content of the minimal N = 2 supersymmetric Yang-Mills theory with gauge 
group G on is the following: a gauge field A„, two Majorana spinors i = 1, 2, and 
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their conjugates a complex scalar B, and an auxiliary field Dij (symmetric in i and 
j). The indices i, j denote the isospin indices of the internal symmetry group SU{2)j of 
N = 2 supersymmetry. The two Majorana spinors Ai, A 2 form a doublet of SU{2)j. All 
these fields are considered in the adjoint representation of the gauge group G. The action 
and field content of this model have a useful description in terms of = 1 superspace. In 
N = 1 superspace only one of the supersymmetries is manifest, and therefore the = 1 
superfields do not have well defined quantum numbers with respect to the internal SU (2)/ 
symmetry. The N = 2 supersymmetric multiplet contains an A^ = 1 vector multiplet and 
an A^ = 1 chiral multiplet. These multiplets are described in A^ = 1 superspace in terms 
of A^ = 1 superfields Wa and $ satisfying the constraints DW^a = 0, D'^Wa + D^Wa = 0 
and = 0, where and are A^ = 1 superspace covariant derivatives (we use the 
conventions in |[105 |). The N = 1 superfields Wa and <I> have ^7(1)7^ charges —1 and —2 
respectively. The component fields of the A^ = 1 superfields Wa and <I> are: 


Wa, Wa 


Id 


-^ad : Ala, A , Di2, 

B, B22, B\ Vt Dn- 


(3.1.5) 


The U{l)-ji transformations of the N = 1 superfields are: 


Wa 


-i^Wa(U^0), and <h 


-2i 




(3.1.6) 


In A^ = 1 superspace the action of A^ = 2 supersymmetric Yang-Mills theory takes the 
form: 


Sym = / d^xdV-»i><e''<t + / + / d^xd^dW^Wi, 


(3.1.7) 


where V is the vector superpotential. An important feature of this action is that due to 


the constraint D°‘Wa ED Wa = H the last two terms in (|3.1.7|) differ by a term which is 


proportional to the second Chern class. The SU{2)j current of this model is given by: 




(3.1.8) 


where are the matrices given in the Appendix, after (A.2.40) (in Euclidean space). 

If we try to formulate the theory on a general four-manifold X, we use the prescription 
of minimal coupling to gravity in the Lagrangian, and we couple the spinor fields to 
the Spin connection in the usual way (using the expression given in (|A.2.39|) ). This 
construction can always be done locally, but globally we have a topological obstruction 
associated to the second Stiefel-Whitney class, W 2 {X). If X is not Spin, we cannot 
consistently couple the original N = 2 theory to gravity. The twist of this theory involves 
the gauging of the SU{2)i group as the spacetime symmetry group SU{2)l, the structure 
group of the positive-chirality spinor bundle. The only fields charged with respect to 
SU{2)i are spinors, therefore the gauging is achieved after adding to the Lagrangian the 
term 

- = WXTXXXX,- 


(3.1.9) 
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The only change in the Lagrangian is in the fermion kinetic term, which becomes 

- (3.1.10) 

The connection appearing here is the tensor product connection on the bundle S~^ (8) S^, 
which is isomorphic to . The scalar part corresponds to the symmetric part 

of A^/ 3 , and the self-dual two-form corresponds to the antisymmetric one. We can write 
( p.l.lOl) in terms of space-time helds, and to do this we introduce a scalar r], a one-form 
'tpfj,, and a self-dual two-form x^iu as: 


V 


- -^3^ 


X[w3) 


2 V 2 




(3.1.11) 


In terms of these helds, the fermion kinetic terms can be written, after a lengthy compu¬ 
tation, as 

-"-rD,'n-V2ij^D,X^U (3.1.12) 

which are the standard fermion kinetic terms of Donaldson-Witten theory. As a byprod¬ 
uct, notice that the gauging of the SU{2)j global symmetry allows one to dehne the theory 
on any smooth four-manifold, as the helds of the resulting, twisted theory are diheren- 
tial forms. They have the geometrical structure prescribed by the new symmetry group 
( p.l.3|) , and they are redehned as follows 


A, ( 1 / 2 , 1 / 2 , 0 )° 

Ai„ (1/2,0,1/2)-' 

A,^ (0,1/2,1/2)' 
B (0,0,0)-2 

St (0,0,0) 

D^J ( 0 , 0 , 1 )° 


( 1 / 2 , 1 / 2 )°, 

V ( 0 , 0 )-', ( 1 , 0 )-', 

( 1 / 2 , 1 / 2 )', 

iV2X ( 0 , 0 )-^ 

Hap (1,0)°, 


(3.1.13) 


where we have indicated the quantum numbers carried out by the helds relative to the 
group H ( p.l.l|) before the twisting, and to the group H' ( p.l.3| ) after the twisting. Notice 
that the U{1)ti assignment in (p.l.l3|) is consistent with the transformations in (p.l.6|) . 
The numerical coefficients are chosen in order that the twisted action coincides with 
the the topological action to be constructed following the Mathai-Quillen formalism in 
Chapter 5. 

The dehnitions of the twisted helds in terms of the untwisted ones are the obvious 
ones from (|3.1.11|) and (p.l.l3|) . For Xap we take Xap = V^X^ap)- We also have: 






(3.1.14) 


The bar denotes old isospin indices. In these dehnitions we mainly follow the conventions 
of [flU5|| (see also 11131, 






















3.2. THE TWIST IN TWO DIMENSIONS 


31 


Although the differential forms in (|3.1.11| ) are complex, they have of course a natural 
underlying real structure. One must restrict the resulting fields to be real differential 
forms, in order to have the same number of degrees of freedom in the untwisted and 
twisted theory. In general, this counting of degrees of freedom must be taken into account 
if one is interested in extracting some information from the dynamics of the untwisted, 
physical theory. 

In general, the gauging of a global symmetry can generate anomalies in the resulting 
theory. In the case of = 2 Yang-Mills theory, the possible anomalies are related to 
the global SU{2) anomaly discovered by Witten in ||107|| , and it is easy to see ||108|| that 
they only appear when the corresponding moduli space is not orientable. As we saw in 
Chapter 1, this is not the case for the moduli space of ASD connections, then the twisted 
theory is anomaly-free. 


3.2 The twist in two dimensions 

In the global symmetry group of Y = 2 supersymmetry is 

Y = 50(2) X 17(l)i X (3.2.15) 

where /C = 50(2) is the rotation group, and 0(1)^ and are left and right moving 

chiral symmetries. There are four supercharges Qaa transforming under H as (—1/2,1, 0), 
( — 1/2, —1, 0), (1/2, 0,1) and (1/2, 0, —1). They satisfy: 

{Qa+yQf}—} PajS^ 

{Q„+,g^+} = = (3.2.16) 

where is an antisymmetric 50(2) invariant tensor, and Z is the central charge gen¬ 
erator. The twist consists of considering as the rotation group the diagonal subgroup 
of 50(2) X 50(2)', where 50(2)' has as generator {Ul — Ur)/2 being Ur and Ur the 
generators of 0(1)^ and U{1)r respectively. Under the new global symmetry group 
7i' = 50(2) X U{1)f, where U{1)f has as generator the combination Ur + Ur, the 
supercharges transform as (0,1) © (—1, —1) © (0,1) © (1, —1). The twisting is achieved 
thinking of the second index of Qaa as an 50(2) isospin index and, as in the four dimen¬ 
sional case, replacing any isospin index a by a spinor index [3 so that Qaa Qa/s- One 
of the two rotation invariant operators is Q = Qa°‘- It satisfies the twisted version of the 
N = 2 supersymmetric algebra ( |3.2.16|) or topological algebra: 

{Q,Ga0} = Pal3, 

{Q,Q} = Z, (3.2.17) 

where Gap is the symmetric part of Qap- Notice that one could have taken the combination 
{Ur + Ur)/2 instead of {Ur — Ur)/2 in order to carry out the twisting. We will consider 
in some detail the two-dimensional twisting in the case of the N = 2 non-linear sigma 
model, as another illustration of the twisting as a gauging of global currents. The fact that 
we have two different global symmetries gives rise to the two possible topological sigma 
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models considered in |]7I| , |111|| . This example also sheds light on the possible anomalies 
associated to the gauging procedure. 

First of all we recall a few standard facts on non-linear sigma models in two dimensions. 
Non-linear sigma models involve mappings from a two-dimensional compact Riemann 
surface S to an n-dimensional target manifold M. The local coordinates of this mapping 
can be regarded as bosonic two-dimensional helds which might be part of different types of 
supersymmetric multiplets. In iV = 2 supersymmetry there are two types of multiplets, 
chiral multiplets and twisted chiral multiplets. The possible geometries of the target 
manifold M are severely restricted by the different choices of multiplets taking part of a 
given model. In models involving only chiral multiplets N = 2 supersymmetry requires 
that M is a Kahler manifold ||119| , In the situations where both multiplets are allowed, 
M can be a Hermitian locally product space [^. Twistings of models involving both 


types of multiplets have been considered in ||109| , |102| , [n] , |111| . 

From the point of view of the gauging procedure, the two different possibilities to 
obtain topological sigma models are better understood starting from a. N = 2 model 
involving chiral multiplets and choosing two different global currents. The target manifold 
M is then Kahler and we have a bosonic held cj) : S —>■ M and a Dirac spinor G 
F(S,S'^ ® (j)*{TM)), where TM is the holomorphic tangent bundle to M. The kinetic 
fermion term in the action is: 


(3.2.18) 

J s 

where the covariant derivatives are given in local coordinates by 

(3.2.19) 

This theory has a conserved, non anomalous vector current jy = with com¬ 

ponents 

iv = Jv = (3.2.20) 

and an anomalous axial current = gij'ip ^with components 

is = is = (3.2.21) 


The anomaly is given by the index of the Dirac operator and reads 


[ 0*(ci(M)) (3.2.22) 

J s 

To twist the model we can gauge the U{T)v or the U{T)a symmetries. The hrst choice 
leads to the A model and the second one to the B model. As in Donaldson- Witten theory, 
we promote the abelian global symmetry to a worldsheet spacetime symmetry, and in this 
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case this amounts to add to the Lagrangian the coupling of the corresponding currents to 
the worldsheet Spin connection. For the A model we have: 

‘S'f - I ^ d'^zVhuj^j!^ = 

- iujz'ipi + (3.2.23) 

and for the B model 

St-^j^(fzy/huj^j'X = j^d^z^igjj{'4)^j^{d'4)-l + iuj2'4’i + ^KLd-z(i>^'ip-) 

+ipL{d'ipi - + r;^^ 90 ^' 0 +)}- (3.2.24) 


We see that, in the twisted models, the fermion fields have changed their spin content. 

is a (0, l)-form , while "0+ is an scalar x'^ in the type A model, and a (1, 0)-form 
in the type B model. 

It turns out [|109|| that the type A model can be formulated on any almost Hermitian 
target manifold. However, the type B model was obtained through the gauging of an 
anomalous current, and this can give ill-defined models: the anomaly in the global current, 
given in ( p.2.22|) , is inherited in the twisted model as a global anomaly in the fermion 
determinant. This leads to additional restrictions on the geometry of the target space, as 
pointed out in ||111|| , because the fact that the U{1) current is chiral leads to a non-linear 
sigma model anomaly. We will present here an computation of this global anomaly using 
the strategy of |Q, based on the index theorem for families. The fermionic kinetic term 
of the type B model is: 


Sb= [ d^z\fhigjj{x^Dzpi + 9^Dzpi}, (3.2.25) 

JT, 

where 6^ = is an scalar in the twisted theory. The effective action is then a section of 
the line bundle 

C = Cl ® C 2 = (det Dz) ® (det Dz), (3.2.26) 

and the global, topological anomaly is measured by Ci{C) = Ci(£i) -|- Ci{C 2 ). This can be 
computed using the index theorem for families as in |Q. Consider first the evaluation 
map 


0 : Map(S,M) x E —M 

(0,ct) ^ 0(a). (3.2.27) 

By pulling back differential forms on M through 0*, we get differential forms on Map(S, M) x 
E, with the natural bigrading given by the product structure: 

0*(a;) = OW + OW + O®, (3.2.28) 


where the are of degree i with respect to E. This is precisely the descent procedure 
of [1^]. The topological obstructions are given by: 


Cl{Ci^2) — 


1 


ch(0*(TM)){±l--ci(E)}, 

z 


(3.2.29) 
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where we only keep the degree two forms on Map(S, M). In ci{C) only the hrst descendant 
of 0*(ch(TM)) contributes, and we hnally get 

c,(£)=|^Ci(S)0™„|, (3.2.30) 

where O™,.,, = 0* (ci(M)) is the descendant of zero degree with respect to S, and is 

the map obtained from 0 by hxing a point a G S (the cohomology class of the pulled-back 
form does not depend on the a chosen). This result says then that the anomaly in the 
global current U{1)a is inherited in the twisted B model as a sigma model anomaly. The 
B model has no topological anomalies if the target is a Calabi-Yau manifold or if the 
worldsheet is a torus (ci(S) = 0). The last possibility is natural, as in this case the twist 
does nothing (the torus is a hyperkahler manifold) and the original N = 2 supersymmetric 
model is anomaly-free. 

The models we have just considered have no central charges, but, as in the four¬ 
dimensional case, the presence of a central charge does not invalidate the topological 
character of the twisted theory. In the next Chapter we will consider a two-dimensional 
model where the central charge generator of iV = 2 supersymmetry acts as a Lie derivative 
with respect to a Killing vector held, and the resulting structure has a nice interpretation 
in terms of the equivariant cohomology with respect to a vector held action on the moduli 
space. 



Chapter 4 

The Mathai-Quillen formalism 


The Mathai-Quillen formalism is of paramount importance in the study of Cohomological 
Field Theories, because it provides the fundamental link between topological Lagrangians 
and geometrical constructions associated to moduli spaces. This formalism, introduced in 
0. provides a particular representative of the Thom class of an oriented vector bundle, 
using equivariant differential forms. The relevance of this representative to Cohomologi¬ 
cal Field Theories was realized by Atiyah and Jeffrey in a fundamental work. They 
showed that the topological Lagrangian obtained by Witten as a twisted N = 2 supersym¬ 
metric Yang-Mills theory was precisely the natural generalization of the Mathai-Quillen 
representative in Donaldson theory. As we discussed in Chapter I, the moduli space of 
irreducible ASD connections can be considered as the zero locus of a section of an in- 
hnite dimensional vector bundle, and the zero-dimensional Donaldson invariant can be 
understood in terms of an integral of the pullback of the corresponding Thom class. The 
work of Atiyah and Jeffrey therefore explains from hrst principles why topological corre¬ 
lation functions should be formally identified with Donaldson invariants, and also gives 
a topological interpretation of the BRST cohomology of the twisted model in terms of 
equivariant cohomology. 

In this chapter we first give a brief review of the Mathai-Quillen formalism following 
the original approaches. We don’t intend to be exhaustive, because there are by now 


excellent and comprehensive expositions of this topic 




We will mainly focus 

on the generalization of this formalism to take into account vector held actions. This 
generalization was constructed in ||^ motivated by the twisting of A^ = 2 supersymmetric 
theories with central charges in the supersymmetry algebra. One of the advantages of the 
formalism developed in is that it makes more apparent the geometry of the Mathai- 
Quillen formalism, in the sense that it doesn’t involve algebraic models of the de Rham 
cohomology, but rather local descriptions of the relevant differential forms. 

The chapter is organized as follows: in section 1 we give an overview of equivariant 
cohomology in the Weil and Cartan models. In section 2 we present the Mathai-Quillen 
formalism following the original work of Mathai and Quillen in |8^. In section 3 we 
present the equivariant extension of and we also develop the BRST cohomology, the 
Atiyah-Jeffrey formulation and the basic connections with the Field Theory framework. In 
order to illustrate the construction, we analyze a two-dimensional example, the topological 


35 































36 


CHAPTER 4. THE MATHAI-QUILLEN EORMALISM 


sigma model with potentials. 

4.1 Equivariant cohomology 

Equivariant cohomology appears when stndying a topological space M with the action of 
a gronp G. It can be realized in many different ways, bnt the most usefnl ones to ns involve 
the differentiable category and appropriate extensions of the de Rham cohomology. From a 
more general point of view, eqnivariant cohomology is dehned as the ordinary cohomology 
of the space 

Mq = EG Xq M, (4.1.1) 

where EG is, as usnal, the nniversal G-bnndle. We will instead work with algebraic 
models, the Weil and the Cartan model. Althongh they are eqnivalent, the Cartan model 
is simpler and more natnral in Topological Gange Theories, and we will also nse it to stndy 
vector field actions. However, when dealing with gronp actions associated to principal 
bnndles, the Cartan model mnst be snpplemented with a horizontal projection. In these 
cases it is important to keep in mind the underlying Weil model, because, as we will see, 
it is specially suited for the principal bundle setting. 

In the first subsection we will consider the Weil model, and in the second one the 
Cartan model. Finally, in subsection 3 we analyze the equivariant cohomology associated 
to vector field actions. Good references on equivariant cohomology are [0, |^, |T^, 

4.1.1 Weil Model 

Let G be a Lie group with Lie algebra g. First we dehne the Weil algebra W(g) as 

W{g) = Ag*<^Sg*, (4.1.2) 

given by the tensor product of the exterior algebra and the symmetric algebra of the dual 
g*. We take generators of Ag*, {6'“}a=i,...,dim(G) with degree 1, and of S'g*, {M“}a=i,-,dim(G) 
with degree 2. In this way W(g) becomes a graded algebra. Let be the structure 
constants of g associated to the generators 0“. We dehne a differential operator dw from 
their action on the generators: 


= -^cl9^e^ + u% 


dy^u^ = cl,U^e\ 

(4.1.3) 

We also dehne an inner product operator ia as follows: 


iaO'" = Sab, iau’' = 0. 

(4.1.4) 


We can also dehne a Lie derivative operator using the basic identity Ca = iadw + dy\;ia- 
The motivation to dehne such a complex comes from the following: if P is a principal 
G-bundle with connection 6 G Q^{P,g) and curvature K G Q'^{P,g), we can expand 6 
and K as follows: 
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9 = O^Ta, K = u^Ta, 


( 4 . 1 . 5 ) 
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where {Ta}a=i... dim{G) is a basis of g, and 0“ G G Consider the inner 

prodnct L{C{Ta)), where C{Ta) is the fnndamental vector held asociated to the generator 
of the Lie algebra g. The components dehned in ([4.1.51 ) verify precisely the eqnations 
( [4.1.31) and ([4.1.4]) , with the geometrical realizations of the inner prodnct ia as t(C(Ta)) 
and the differential operator dyy as the nsnal de Rham operator on P. We then see that 
the Weil model is essentially an algebraic or nniversal realization of the basic relations 
dehning connections and cnrvatnres on principal bnndles. 

Consider now a G-manifold M and the complex 


W(g)®fl*(M), (4.1.6) 

where Q*{M) is the complex of differential forms on M. On this complex we can dehne a 
differential operator, an inner prodnct and a Lie derivative operator by taking the tensor 
prodnct of the corresponding operators in the two complexes. An element of this complex 
is called basic if it is in the kernel of the inner prodnct operators (it is horizontal) and in 
the kernel of the Lie derivative operators (it is invariant). The snbalgebra consisting of 
these elements is denoted by flciM), and its cohomology is called the algebraic equivariant 
cohomology of M in the Weil model. 

H*a = H*{nG{M)). (4.1.7) 

As we will see in section 2, the Weil model is specially nsefnl to stndy the cohomology of 
associated vector bnndles and for this reason has an important role in the Mathai-Qnillen 
formalism. 


4.1.2 Cartan model 


The fact that the constrnction of the Weil model for eqnivariant cohomology involves only 
a snbcomplex of W(g) ® Q*{M) snggests that a smaller complex can be chosen from the 
very beginning. In the Cartan model, one starts with 

Sg*(^n*{M) (4.1.8) 


and dehnes an operator 


dcu"^ = 0, dcoJ = duj — l{C (Ta))uj, 


(4.1.9) 


where u G and snmmation over a is nnderstood. In general, dc is not nilpotent. 

Rather we have 

dl = -u-C{C{Ta)), (4.1.10) 

bnt we can restrict onrselves to the invariant snbcomplex 

^Ig{M) = {Sg* ® (4.1.11) 


where = 0. The elements in this complex are called equivariant differential forms. We 
nsed the same notation for the basic snbcomplex in the Weil model, becanse in fact they 


are isomorphic ||82[. As = 0 on VLg{M), we can dehne the cohomology of dc, which is 


precisely the algebraic equivariant cohomology of M in the Cartan model 

H*c{M) = H*{{Sg* ® Ll*{M)f). 


(4.1.12) 


Of conrse, the Weil and the Cartan models give isomorphic cohomology theories. 
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4.1.3 Equivariant cohomology and vector field actions 

An special example of the Cartan model of equivariant cohomology, which will be useful 
later, is the case of the equivariant cohomology associated to a vector held action. As 
we will explain below, this can be regarded as a particularly tractable realization of the 
construction explained in subsection 2. 

Let X be a vector held acting on a manifold M. Recall that every vector held is 
associated to a locally dehned one-parameter group of transformations of M, 0 : J x M — 
M, with / C R being an open interval containing t = 0. If we put = 

(j){t,m), the vector held corresponding to 0 is given by: 

X{m) = (4.1.13) 

where * denotes as usual the diherential map between tangent spaces. We denote by 
Q*x{M) the kernel of C{X) in Q*{M). We consider now the polynomial ring generated by 
a generator u of degree 2 over Q*{M), denoted by Q*{M)[u]. On this ring we dehne the 
equivariant exterior derivative with respect to X as follows: 

dxuj = duj — m{X)uj, oo G (4.1.14) 


Notice that 


d\ = -uC{X), 


(4.1.15) 


and therefore dx is nilpotent on Qx{M)[u]. The elements of Q*x{M)[u] are the equivariant 
diherential forms with respect to the vector held action associated to X. An equivariant 
diherential form uj verifying dxoj = 0 is said to be equivariantly closed with respect to X. 
Notice that, if a; G Q*{M)[u\ and dxoj = 0, necessarily oo G Q*x{M)[u\ because of (|4.1.15|) . 

When X corresponds to a circle (f/(l)) action on M, the above construction recovers 
precisely the Cartan model of the previous subsection. The reason is that, if G = U{1), 
the symmetric exterior algebra has a single generator: 


= R[w] 


(4.1.16) 


associated to the vector held X on M. The invariant subcomplex (|4.1.11|) has a very 
simple description in the abelian case because Sg* is already invariant: 


(4.1.17) 

Given a closed invariant diherential form, he., a form uj G Q*x{M) with du = 0, we 
don’t get an equivariantly closed diherential form unless l{X)uj = 0. But it might be 
possible to hnd some polynomial p in the ideal generated by u in {^) such that the 
resulting form u' = uj + p is equivariantly closed. The form uj' is called an equivariant 
extension of a;. In section 3 we will see some interesting examples of equivariant extensions 
with a deep geometrical interpretation. 
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4.2 The Mathai-Quillen formalism 


The Mathai-Quillen formalism |8^ provides an explicit representative of the Thom form 
of a vector bundle E. Usually this form is introduced in the following way: consider an 
oriented vector bundle n : E ^ M with fibre V = equipped with an inner product 
g and a compatible connection D verifying: 


d{ 9 {s,t)) = g{Ds,t) + g{s,Dt), s,teT{E). (4.2.18) 

As our vector bundle is oriented and has an inner product, we can reduce the structure 
group to G = SO{2m). Let P be the principal G-bundle over M such that E is an 
associated vector bundle: 

E = PxgV. (4.2.19) 

In particular, P xV can be considered as a principal G-bundle over E. Given a principal 
G-bundle tt : P —M, a differential form 0 on P descends to a form 0 on M if: 

a) 0(Xi,---,Xg) = 0 whenever one of the Xi is vertical. In this case, 0 is called 
horizontal. 

b) P*0 = 0, i.e., 0 is invariant under the G action. 

These forms are called basic. The projected form 0 verifies: 

0(Ui,---,U,) = 0(Xi,---,X,), 

(d0)(Uo,---,U,) = (d0)(Xo,---,X,), (4.2.20) 

where the Xi are such that Ti^Xi = Vi. We can apply the same procedure to the principal 
bundle P x V ^ P XqV, and we have in fact the isomorphism: 


n*{P Xg V) ~ n*{P X U)basic. (4.2.21) 

Suppose now that P is endowed with a connection 9 G fl^(P, g) and associated curva¬ 
ture K, and consider the Weil algebra of G, W(g). As g = so 2 m, the generators are 
antisymmetric matrices 9ij (of degree 1) and Kij (of degree 2) (notice that we use the 
same notation for the connection and curvature of P and the generators of VV(g)). The 
fact that VV(g) provides a universal realization of the relations defining the curvature and 
connection on P gives the Chern-Weil homomorphism-. 


w-.w{g)^n*{p), 


(4.2.22) 


defined in the natural way according to the expansion of 9 and K in ( 4.1.51) (for G = 
SO {2m), the map w is just the correspondence between the generators of W(g) and the 
entries of the antisymmetric matrices for the curvature and connection in P). The Chern- 
Weil homomorphism maps the universal connection and curvature in the Weil algebra to 
the actual connection and curvature in P. Combined with the lifting of forms from V to 
P X V, we obtain another homomorphism: 


w{g)^n*{v) 


n*{p X V), 


(4.2.23) 
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where 7r2 : P x 4^ —>■ 4^ is the projection on the second factor. It is easy to see that the 
basic subalgebra maps to the basic differential forms on P x and therefore to 

the differential forms of the associated vector bundle. This is the geometric context of 
the Mathai-Quillen construction. 

The universal Thom form U of Mathai and Quillen is an element in W(g) 0 14* (Id) 
given by: 

U = (27r)“”'Pf(P)exp{-XiXi - {dxi + 9iiXi){K~^)ij{dxj + OjraXm)}- (4.2.24) 


In this expression Xi are orthonormal coordinate functions on Id, and dxi are their cor¬ 
responding differentials. K and 9 are the antisymmetric matrices of generators in VV(g). 
Notice that this expression includes the inverse of K, and in fact it should be properly 
understood, once the exponential is expanded, as: 

P)Pi{^Ki){dx + 9xy\ (4.2.25) 


where I denotes a subset with an even number of indices, I' its complement and e(J, P) the 
signature of the corresponding permutation. The equivalence of the two representations 
is easily seen using Berezin integration. To this end, introduce a Grassmann orthonormal 
coordinate for the hbre Id, p^. Then the universal Thom form can be written as: 

U = J Dp exp(^-piKijPj + ipi{dxi + %Xj)), (4.2.26) 


and the expansion of this expression leads precisely to ( |4.2.25|) . Of course, the expression 
( [4.2.241) is easier to deal with, and in fact we can check its properties taking K~^ as a 
formal inverse of K. This is because we can consider ([4.2.24]) as an element of the ring of 
fractions with det(P) in the denominator. As det(P) is closed, we can extend the exterior 
derivative as an algebraic operator to this localization |^2[|. We will use this principle in 
section 3 to check the equivariantly closed character of the equivariant extension of the 
Thom form with respect to a vector held action. 

One can check that U in ( [4.2.24[) is a basic form, so it belongs to ^(^(Id), and also that 
it is equivariantly closed. The image of U under the map ( [4.2.23]) is a closed differential 
form in 0^'"(P). Notice that the resulting form has no compact support in the hbre, 
but a Gaussian decay along it. We can dehne a cohomology of rapidly decreasing forms 
H*yE) on the hbre Id analogous to the cohomology of forms with compact support on 
Id. The usual results about the Thom class also hold in this slightly generalized setting 
[8^ . In particular, the Thom class can be uniquely characterized as a cohomology class 
in H^JP{E) such that its integration along the hbre is 1 [^. All this can be easily checked 


for the universal representative given in ( [4.2.24]) , and therefore the image of U in H^JP{E) 
is in fact a diherential form representing the Thom class of E. 

One can also obtain a universal Thom form in the Gartan model of the G-equivariant 
cohomology, using the algebraic isomorphism between the respective complexes. This 
amounts to put the generator 9 equal to zero. But if we apply the Ghern-Weil homomor¬ 
phism to the resulting equivariant diherential form, we don’t obtain a basic diherential 
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form in Q{P x V). This is because the horizontal character is lost. One must then en¬ 
force a horizontal projection, and this gives an alternative representative which is useful 

m 0 ^ 


in Topological Gauge Theories 


In the next section we will present in detail 


this construction, generalizing it to the equivariant extension associated to a vector held 
action. 


4.3 Equivariant extension of the Thom form 


The motivation for the equivariant extension of the Thom form in the framework of the 
Mathai-Quillen formalism is twofold. On one hand, many interesting moduli problems 
involve a vector held action or a circle action which can be very useful to obtain geomet¬ 
rical information and to relate diherent moduli spaces. This is the case of the Hitchin 
equations on a Riemann surface ||^. The same ideas were used by Thaddeus ||100|| to 


relate the moduli space of hat connections on a Riemann surface to the moduli space 
of abelian vortices, and recently it has been argued B0 that they can shed light on 
the relation between the Seiberg-Witten and the Donaldson invariants. This last point 
will be developed in Chapter 5. It should then be very interesting to have an equivariant 
extension of the Thom form with respect to a vector held action. This extension would 
naturally arise in these kinds of moduli problems and, combined with hxed point theo¬ 
rems for equivariant cohomology, could give new tools to compute invariants associated 
to these moduli spaces. 

The second motivation to perform this extension comes from the construction and 
interpretation of Topological Quantum Field Theories. As we have mentioned, many 
twisted N = 2 supersymmetric theories can be interpreted in terms of the Mathai-Quillen 
formalism. We will present an example in Chapter 5. However, there are some twisted 
N = 2 theories which do not have a clear formulation in the Mathai-Quillen framework, 
and therefore their geometrical structure is not very well understood. One should then 
look for generalizations of this formalism to take into account the rich topological struc¬ 
tures hidden in the supersymmetry algebra. In particular, the N = 2 algebra with central 
charges leads to twisted models which has been sometimes misleading, because the ad¬ 
ditional terms in the Lagrangian and in the BRST transformations seem to spoil the 
topological invariance of the theory. The equivariant extension that we will construct in 
this section is the appropriate framework to understand the geometry involved in these 
twisted models. 

From a mathematical point of view, this construction can be regarded as a generaliza¬ 
tion of the equivariant extensions of the curvature considered in |l^, ^7\, |^. It is clear 

that, as the Mathai-Quillen representative involves the curvature of the vector bundle, 
we need an explicit expression for the equivariant extension of the curvature form. In the 
hrst subsection we will review this construction for general vector bundles from the point 

and in subsection 2 we will proceed in 


of view of equivariant cohomology |14, 
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the same way to obtain the equivariant extension of the curvature for principal bundles 
0. In subsections 3, 4, 5 we construct the eauivariant extension of the Thom form with 


respect to a vector field action in three different situations. Finally, in subsection 6 we 
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give an illustrative, two-dimensional application: topological sigma models with a Killing, 
almost complex action on an almost Hermitian target space. We recover in this way the 
topological sigma model with potentials of obtained from the twisting of the N = 2 
supersymmetric sigma models with potentials formulated in H. 


4.3.1 Equivariant curvature for vector bundles 

Let 71 : E —>■ M he a. real vector bundle. We suppose that there is a vector held X acting 
on M, and also an “action” of this held on E compatible with the action on M. With 
this we mean [p!4| , |27[| that there is a diherential operator A acting on the space of sections 
of E, r(E): 

A : r(E) ^ r(E), (4.3.27) 

that satishes the derivation property 


A{fs) = {Xf)s + fAs, feC^{M), seT{E). (4.3.28) 

We will be particularly interested in the case in which there is a vector held Xe acting 
on in a compatible way with the action of X on M. With this we mean the following: 
let 0i, (pt be the one-parameter hows corresponding to Xe, X, respectively. Then the 
following conditions are verihed: 

i) 7r0f = (j)t7T, i.e, the one-parameter hows intertwine with the projection map of the 
bundle; 

ii) the map E^ —> E^^^n between hbres is a vector space homomorphism. 

Notice that, if Xe, X are associated to circle actions on E, M, the above conditions 
simply state that E is a G-bundle over the G-space M, with G = U{1) (for G-bundles, 
see for instance [0). An obvious consequence of (i) is that Xe and X are vr-related: 

77^Xe = X. (4.3.29) 


When there is a vector held Xe acting on E in the above way the operator A is naturally 
dehned as: 

(As)(m) = lim -[s(m) — 0ts(0_t(m))]. (4.3.30) 

t ^0 ^ 

It’s easy to see that, because of condition (i) above, is in fact a section of 

E, and using (ii) one can check that the derivation property ( [4.3.28|) holds. We say that 
the section s G r(i7) is invariant if = s{m), for all f G /, m G M. This is 

equivalent to As = 0. If s is an invariant section, Xe and X are also s-related: 


s*X = Xf 


(4.3.31) 


Consider now a connection D on the real vector bundle E of rank q. We say that D 
is equivariant if it commutes with the operator A. Let’s write this condition with respect 
to a frame held {sj}j=i^...^g on an open set U C M. We dehne the matrix-valued function 
Aj and one-form Of on U by: 


Asj = Alsj, Dsi = 9jsj. 


( 4 . 3 . 32 ) 
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Of course, dj is the usual connection matrix. Under a change of frame s' = sg, where 
g G Gl{q, R), we can use the derivation property of A (|4.3.28|) to obtain the matrix with 
respect to the new local frame: 

A' = g-^Ag + g-^Xg. (4.3.33) 

Imposing AD = DA on the local frame {sj} one gets 

dM + OjA? = £(A')9| + Ajof. (4.3.34) 

The next step to construct the equivariant curvature is to dehne an operator L\ : r(U) —>■ 
r(U) given by 

Lj<^s = As — i{X)Ds, sgT{E). (4.3.35) 

The matrix associated to this operator with respect to a local frame on U is 

(L^)l=A}-el(X). (4.3.36) 


Using ( [4.3.331 ) and the usual transformation rule for the connection matrix it is easy to 
check that {L\)l is a tensorial matrix of the adjoint type: under a change of local frame 
one has 


L'a = g ^L^g. 


(4.3.37) 


We will compute now the covariant derivative of the matrix La- Using (|4.3.34|) we get: 


DLa — (ILa + [O-, La\ 

= dA + [6, A] - (/:(x) - i{x)d)e - [6, i{x)e] 

= i{X){de + 9 AO) = i{X)K, (4.3.38) 


where K is the curvature matrix. 

We can introduce now the equivariant curvature Kx for the vector bundle case, dehned 
as follows: 

Kx = K + uLa- (4.3.39) 

This is not an equivariant differential form, not even a global differential form on M. To 
achieve this we have to introduce a symmetric invariant polynomial with r matrix entries, 
F(Ai, • • •, Ar). Consider then the following quantity PB|: 


Px = P{Kxr--.Kx) = Y.^^P^K\ 

i=0 


where 


P«= (^'JP(LA,---,LA;ir,---,i^). 




(4.3.40) 


(4.3.41) 


Notice that, as La is a tensorial matrix of the adjoint type, Px is a globally dehned 
differential form in VL\{M)[u]. Using ( |4.3.38|) and the properties of symmetric invariant 
polynomials it is easy to prove that 


i(X)Pg^ = dP, 


K 


(4.3.42) 


and from this it follows that Px is an equivariantly closed differential form on M. 
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4.3.2 Equivariant curvature for principal bundles 

Let TT : P —> M be a principal bundle with group G. We suppose that we have two vector 
helds Xp, X acting on P and M, respectively. We will require that the one-parameter 
flow associated to Xp, 0^, commutes with the right action of G on P: 

Mpg) = (Mg, g ^G. (4.3.43) 

In this case, if 0* is the one-parameter flow associated to X on M, we have 
and X and Xp are vr-related. The vector held Xp is in addition right invariant: 


{Xp)pg — (Pc,)*p(Xp) 


jp- 


(4.3.44) 


Let 0 be a connection one-form on P, and consider the function with values in the Lie 
algebra of G, g, given by 9{Xp) = i[Xp)6. Using ( |4.3.44|) and the properties of the 
connection it is immediate to see that 6{Xp) is a tensorial zero-form of the adjoint type, 

i.e. 

9(A»„ = = (ady)9(A'p)p, (4,3,45) 

Suppose now that the connection one-form verifies: 


C{Xp)9 = 0. (4.3.46) 

This is the analog of having an equivariant connection for a vector bundle. When (14.3.461) 
holds we can construct an equivariant curvature for the principal bundle in a natural way. 
First, notice that the covariant derivative of 9{Xp) is given by: 

D9{Xp) = -l{Xp)K, (4.3.47) 


where K is the curvature associated to 9. The equivariant curvature is defined as: 


Kxp = K-u9{Xp). (4.3.48) 

With the help of an invariant symmetric polynomial we can construct the form in r2*(P)[M]: 


Pxp = P{Kxp, ■ ■ ■, Kxp)- 


(4.3.49) 


Taking into account (14.3.47|) we can proceed as in the vector bundle case and show that 
Pxp is an equivariantly closed differential form on P with respect to the action of Xp. 
On the other hand, because of (|4.3.45|) and the usual arguments in Chern-Weil theory, 
Pxp descends to a form in O* (M) [m] , Pxp- When a form 0 on P descends to a form 0 on 
M, and the vector fields Xp on P and X on M are vr-related, we can obtain from (14.2.20|) 
the following identities: 


(r(X)0)(Ui, • • •, U,_i) = (r(Xp)0)(Xi, • • •, X,_i), 
(/:(x)0)(Ui, • • •, UJ = (/:(Xp)0)(Xi, • • • , x,). 


(4.3.50) 


where the Xj are such that vr^Xj = 10. It follows from ([4.3.50|) and (14.2.20| ) that, if Pxp 
is equivariantly closed on P, then Pxp is equivariantly closed on M. We have therefore 
obtained an appropriate equivariant extension of the curvature of a principal bundle. 
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4.3.3 Equivariant extension of the Thom form: general case 


Now we want to find an eqnivariant extension of the Thom form for a vector held action, 
in the framework of the Mathai-Qnillen formalism. If we look at the expressions for the 
eqnivariant extension of the cnrvatnre, (|4.3.39|) and (^4.3.48| ), we see that they involve the 
contraction of the connection form with a vector held. It is clear that for the algebraic el¬ 
ements in the Weil algebra this operation is not dehned, and therefore we won’t work with 
the nniversal Thom form, bnt with the explicit Thom form as an element of VlI^{E). This 
has also the advantage of showing explicitly the geometry involved in the Mathai-Qnillen 
formalism, which is sometimes hidden behind the nse of G-eqnivariant cohomology. 

Recall that we dehned an “action” of a vector held on a vector bnndle E as an operator 
acting on the space of sections of this bnndle, and therefore not necessarily indnced by 
an action of on E. In this case we cannot consider the complex fl*x^{E)[u]. However, 
given an invariant section s of this bnndle, we can constrnct an eqnivariant extension of 
the pnllback s*^{E) on M. 

In the framework of the Mathai-Qnillen formalism we need an inner prodnct on E, g, 
and a compatible connection D. Once we take into acconnt the action of a vector held 
X on M, and the compatible operator on sections A, we need additional assnmptions to 
constrnct onr eqnivariant extensions. First of all, we assnme, as in the previons snbsection, 
that the connection D is eqnivariant. We also assnme that the inner prodnct is invariant 
with respect to the compatible actions: 


t)) = 5 '(As, t) + g{s, At), s, t e T{E) 


(4.3.51) 


From (|4. 2.181) and (|4.3.51|) one gets the following identity for the operator L\ dehned in 

g{LAS,t) + g{s,LAt) =0, s,teT{E) (4.3.52) 

We snppose that onr bnndle E is orientable, and therefore we can rednce the strnctnral 
gronp to SO{2m) and consider orthonormal frames snch that g{si,Sj) = 

5ij. With respect to an orthornormal frame, the connection and cnrvatnre matrices are 
antisymmetric, and becanse of (|4.3.52|) La and Kx are antisymmetric too. 

Consider now a trivializing open covering of M, {Ua}, and the corresponding orthonor¬ 
mal frames {sf}. Let s G F(i?) be an invariant section. Then, the following form is an 
eqnivariantly closed diherential form on M and is an eqnivariant extension of the pnllback 
of the Thom class by s: 


s*^E)-x = (27r)-Pf(iFx)exp{-CC - (^C + 


(4.3.53) 


where s = ^isf is the local expression of s on Ua, and 6°‘ and Kx are respectively the 
connection and the eqnivariant cnrvatnre matrices (the eqnivariant cnrvatnre is the one 


given in ([4.3.39|) ). Both are dehned with respect to the orthonormal frame {s“}. 

To prove onr statement, we will show hrst of all that the s*<h(L^)J dehne a global 
diherential form on M, i.e., we will consider a change of trivialization on the intersections 
Ua n Ug. The transformations of the diherent fnnctions appearing here are: 


= s^^gag, 
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= 9apd'"9a0 + gjdgap, 

Kx = 9agKx9ap, (4.3.54) 


where gag are the transition functions and take values in SO {2m). To check the invari¬ 
ance of ( |4.3.53|) under this transformation, notice that Pi{Kx) is an invariant symmetric 
polynomial for antisymmetric matrices and therefore the results of section 2 hold. Also 
notice that d^f + transforms as a tensorial matrix of the adjoint type (because it 
is the local expression of the covariant derivative Ds). It is easily checked that s*$(i?)J 
equals s*^{E)x on the intersections UaOUg, and therefore the expression (|4.3.53|) dehnes 
a global differential form on M. 

To prove that this differential form is in the kernel of dx it is enough to do it for the 
local expression in ([4.3.53|) , as dx is a local operator. Again, by the results of section 2, 
Pf(A'x) is already equivariantly closed, and we only need to check this property for the 
exponent in ([4.3.53|) . The computation is lengthy but straightforward. Recall that s is 
an invariant section, and locally this can be written as: 


A(e*Si) = X(e*)s, + = 0. (4.3.55) 

It follows then that 

dxd^i = -uX{^i) = (4.3.56) 

and we get the following expression: 

dxi^i^i + {d^i + 9il^l){Kx^)ij{d^j + djm(rn)} 

= ‘2d^i^i + [u{Aii^i - 9ii{X)^i) + d9ii^i - 9iid^i]{Kx^)ij{d^j 9jrnim) 

— {d^i + 9ii^i){dxKx^)ij{d^j + 9jmCm) 

- {d^i + 9ii^i){Kx^)ij[u{Ajm^jn - 9jm{X)^m) + d9jrnim - (4.3.57) 


If we add to this {9ii + 9u){d^i + 9ip^p){Kx^)ij{d^j + 9jmim) = 0, and we take into account 
that 


D{Kx% = d{Kx% + 9u{Kx%, - {Kx%i9i,, (4.3.58) 


then (|4.3.57|) reads: 


+ {Kx)ilil{Kx^)ij{dij 9jrnim) 

- {dii + 9,pQ[D{Kx%, - m{X){Kx%j\{di, + 

- {dii +9ip^p){Kx^)ii{Kx)imim- (4.3.59) 


We can compute DKx^ — ul{X)Kx^ by considering Kx^ a formal inverse of Kx- Notice 
hrst that, because of the Bianchi identity and ( tf.3.38|) , we have: 


DKx = m{X)K, dxKx = -[9,Kx]. 


(4.3.60) 


As dx extends to the ring of fractions with det(A'x) in the denominator (because det(A'x) 
is dx-closed), we have: 

dxKx^ = Kx^[9,Kx]Kx^ = -[9,Kx% (4.3.61) 
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and finally we get: 


DKS^ - ui{X)KS,^ = dxK^^ + [e, ] = 0 


(4.3.62) 


Using (|4.3.62D and the antisymmetry of the matrices {Kx)ij, dij, we see that 


equals zero. Therefore, (|4.3.53| ) is in the kernel of dx, and according to (|4.1.15|) it is an 
equivariantly closed differential form. It is clear that it is an equivariant extension of the 
pullback because if we put n = 0 we recover the pullback of the Mathai-Quillen 

form. 


4.3.4 Equivariant extension of the Thom form: vector bundle 
case 

Now we will consider the case in which we have a vector field Xe acting on the vector 
bundle E, and the action A is the one induced from it. In this case it makes sense to 
construct an equivariant extension of the Thom form with respect to the Xe action. 
Again we will proceed locally and we will construct the extension on trivializing open sets 
Ua X V. 

Let vr : U —> M be an orientable real vector bundle of rank 2m with an action of a 
vector held Xe compatible with an action of X on M in the sense of subsection 2.2. On 
the hbre V = we choose an orthonormal basis {cj} with respect to the standard 
inner product ( , ) on it, and we denote by x* the coordinate functions with respect to 
this basis. Let {Ua} be a trivializing open covering of M, with attached diffeomorphisms 

X U ^ (4.3.63) 

If g is the metric on E, we can reduce the structural group in such a way that 

v), w)) = (n, w) (4.3.64) 

. This also gives an orthonormal frame for each 11^ in the standard way: 

s"(m) = 0a(m, Ci). (4.3.65) 

We want to dehne a vector held action X^ on each Ua x V such that 


{cjy-^iXE) = Xa. (4.3.66) 

To do this we will dehne a one-parameter how (pt inducing Xa. The natural way is to use 
the conditions of compatibility of the vector held actions. On the hrst factor, Ua, we use 
the restriction of the one-parameter how associated to X, and we take the appropriate 
t-interval for this map to be well dehned. On the second factor we use the homomorphism 
between hbres given by the one-parameter how associated to Xe, • Written in a local 
trivialization, this homomorphism means that, if p G Em, (pfp G E^^m, then 

Ma^){(l>fp) = X{t,m)Tr 2 (j)a\p), 


(4.3.67) 
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where 712 denotes the projection of on the second factor and A is an endomorphism 
of V which depends on t, the basepoint m and the trivialization. Now we can dehne: 

0t(m, n) = (0t(m), A(t, m)n), {m,v)eUaXV. (4.3.68) 

Notice that the endomorphism A verihes: 

A(s, 0i(m))A(t, m) = A(s + t,m). (4.3.69) 

From the dehnition of (j)t it follows that 

Vf = (4.3.70) 


and this in tnrn implies ( [4-3.66 ). 

The procedure is now similar to the one presented in the preceding section. We dehne 
the following form on fl*{UQ x 14 )[m]; 


^{E)x = (27r) '^Pi{Kx)ew{-XiXi - {dxi + 9iiXi){Kx)ij {dxj + 9 


jmXm)} ) 


(4.3.71) 


where {Kx)ij denote respectively the connection and equivariant curvature matrices 
associated to the orthonormal frame dehned in ( |4.3.65|) . The index a labeling the trivial¬ 
ization is understood. We want to check that (|4.3.71|) dehnes a global differential form on 
E. First we will consider the behavior of a;“ = ^{E)x under a change of trivialization. 
The transition functions for the vector bundle are dehned as g^a = <Pg^<Pa, restricted 
as usual to {x} x V. The behavior of the connection and curvature matrices under the 


change of trivialization is given in (|4.3.54|) , and the gluing conditions for the elements in 
the trivializing open sets are 


{m,v)^ = {m,gj{v))^. (4.3.72) 

The coordinate functions then transform as Xj —^ Following the same steps as 

in the preceding section we see that the forms a;“ do not change when we go from the a 
description to the /3 description: 

= wf (4.3.73) 

The forms a;" dehne the corresponding forms on 7T~^{Ua) by taking (0“^)*a;" on these 
open sets. On the intersections we have, because of ( [4.3.73|) , 

(4.3.74) 

and therefore they dehne a global diherential form on E. Now it is clear that, if the a;“ 
are in the kernel of d^, the (0“^)*a;“ are in the kernel of dx^- This is a consequence of 
the following simple result: if / : M — >■ iV is a diherentiable map, u G Q*{N), and Xm, 
Xx are two vector helds which are /-related, then 


i{XM)r^ = rt{Xx)u;. 


(4.3.75) 
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Using ( |4.3.75| ) and ( |4.3.66|) we see that 




(4.3.76) 


To prove that the a;“ are in the kernel of notice that the computation is very similar 
to the one presented in the preceding section. The only new thing we must compute 
is dj^{dxi) = —uC{X)xi. Using the definition of Lie derivative and the action of the 
one-parameter group associated to X and given in (|4.3.68|), we get: 


{C{X)xi){m,v) = 


(4.3.77) 


The matrix appearing in this expression is not new. To see it, notice that the matrix 
representation of the operator A with respect to the orthonormal frame ( 4.3.651) is given 
by 




Using (|4.3.65| ) and (|4.3.7CI|) we obtain: 




and this gives 


(As")(m) = 


t=o 


Finally, using (|4.3.69|) and comparing (|4.3.77|) and (|4.3.80|) we get 

{C{X)xi){m,v) = -Aij{m)xj{v). 


(4.3.78) 

(4.3.79) 

(4.3.80) 

(4.3.81) 


If we compare this expression to (|4.3.56|) we see that the computation of the equivariant 
exterior derivative of a;" with respect to X simply mimicks the one we did in the preceding 
section. Therefore, the forms defined in (|4.3.71|) are in the kernel of and the global 
differential form ^{E)x they induce on E is an equivariantly closed differential form 
because of (|4.3.76|) . It clearly equivariantly extends the Mathai-Quillen expression for the 
Thom form of the bundle. 

Consider now an invariant section s G I'{E). Because of ( |4.3.31| ) and ([4.3.75|) it is easy 
to see that s*^{E)x is an equivariantly closed differential form on the base manifold M. Of 
course the local expression of this form coincides with ( [4.3.53 ): the map 0"s : Uq, —> fA, x U 
is given by 

(0“s)(m) = (m,^“(m)ei), (4.3.82) 

where we wrote s = ^^sf. As the local expression of s*^{E)x is 


(s*<F(E)x)“ = (0“s)*<I>(E)^, 


(4.3.83) 


and from (|4.3.82|) this amounts to substitute Xi by 4“ (|4.3.71| ), we recover precisely 

( ^:^ - 

Finally, we will give a Field Theory expression for ^{E)x using Berezin integration. 
Introduce Grassmann variables p* for the local coordinates of the fibre. The standard rules 
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of Berezin integration Q give the following representative for the local expression 

( gXTiD : 


^{E)x = TT ”"e J Vp exp(^piit'ypj + + ipi{dxi + (4.3.84) 


which is the equivariant extension of ( 4.2.26|) . With this expression at hand, one can also 
introduce the standard objects in Cohomological Field Theory, namely a gauge fermion 
and a BRST complex. The gauge fermion approach was hrst used in (for a review 
on subsequent developments, see |^). Here we follow the reformulation given in 


34 


m 


the context of the Mathai-Quillen formalism. We introduce an auxiliary field tt* with the 
meaning of a basis of differential forms dxi for the fibre. The BRST operator is given by 
the dj^ cohomology, and therefore we have: 


Q Pi Q'^i uAijTTj. 


(4.3.85) 


On the original fields x, and the matrix-valued functions on Lfa, Oij, Kij, (Ta)^, Q acts 
again as The gauge fermion is the same than the gauge fermion in the Weil model 
for the Mathai-Quillen formalism P^: 


T = -pi{ixi + ^9ijpj + ^vTi), 


(4.3.86) 


and it is easily checked that QT gives, after integrating out the auxiliary field tt*, the 
exponent in ( [4.3.84|) . This representative will be useful to construct the equivariant ex¬ 
tension for topological sigma models. Notice that in the expression ([4.3.84|) we can work 
with a non-orthonormal metric on V by introducing the corresponding Jacobian in the 
integration measure. 


4.3.5 Equivariant extension of the Thom form: principal bun¬ 
dle case 

We will consider, finally, the case in which the vector bundle E is explicitly given as an 
associated vector bundle to a principal bundle n : P ^ M, he., we consider the action of 
the structural group G on P x V given by {p,v)g = {pg,g~^v), and we form the quotient 
E = {P X V)/G. Notice that P x V can be considered as a principal bundle over E. We 
assume that we have a vector field action on P x R whose one-parameter flow pt has the 
following structure: 

pt{p,v) = (0fp, A(f,p)n) p e P,n e R, (4.3.87) 

where X{t,p) is an endomorphism of R. We also assume that this flow conmutes with the 
G-action on P x R: 


(0fp)d = (Pd), A(t,pp) = g ^X{t,p)g. (4.3.88) 

Because of the above condition, a vector field action on E is induced in the natural 
way, and the one-parameter flow gives in turn a vector held action on M = P/G 
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in the way considered in subsection 2, with one-parameter flow (j)f In addition, with 
these assumptions, the vector held action on E is compatible with the vector held action 
on M according to our deflnition in subsection 1. Condition (i) is immediate, and to 
see that condition (ii) holds consider a trivializing open covering for M, {f/o}, and the 
corresponding map : 7i~^{Ua) G. If m G Ua, £ U/^, the map between the 

fibres Em, E^p^m is given by the homomorphism 

(4.3.89) 


where p G 7r“^(m). Using ([4.3.88|) it is easy to see that ( [4.3.89|) only depends on the 
basepoint m and t. The vector fields on P, E and M will be denoted, respectively, by 
Xp, Xe and X. Our last assumption is that there is an inner product ( , ) on U preserved 
by both the action of G and the endomorphisms X{t,p). As usual, this means that the 
matrix 

Aii(p) = - A(f,p)y] (4.3.90) 


is antisymmetric, where the components are taken with respect to an orthonormal basis 
Ci of V. If we regard P x U as a principal bundle, the second condition in (|4.3.88| ) imply 
that A is a tensorial matrix of the adjoint type. 

We will be particularly interested in the case in which X{t,p) doesn’t depend on p. In 
this case A is a constant matrix commuting with all the g & G (and then with all the 
elements in the Lie algebra g). This happens, for instance, if G = U{m) C SO{2m) and 
A has the structure: 


/ 0 1 ... \ 

-1 0 ... 


A = 


(4.3.91) 


... 0 1 

V -1 oy 

This is in fact the situation we will And in the application of our formalism to non-abelian 
monopoles on four-manifolds, in Chapter 5. 

Let 9 and K be respectively the connection and curvature of P. Assume now, as in 
subsection 2, that C{Xp)6 = 0, and that A is a constant matrix commuting with all the 
A G g. Then DA = 0. We want to construct an equivariantly closed differential form on 
P X V with respect to the vector held action X = [Xp^Xy), where Xy is associated to 
the flow X{t). First of all we define an equivariant curvature on P x U: 


Kx = K + u{A-e{Xp)). (4.3.92) 

Notice that A — 6{Xp) is a tensorial matrix of the adjoint type, and if P(Ai, • • •, Ar) is 
an invariant symmetric polynomial for the adjoint action of g, then we can go through 
the arguments of subsection 2.3 to show that P{Kx, ■ ■ ■, Kx) defines an equivariantly 
closed differential form on P x U. The construction of the equivariant extension of the 
Thom class is very similar to the ones we have done before, but now we define a form on 
P X V and we will show that it descends to E. Consider then the following element in 
n*{P X V)[u]-. 

$(P X U) = (27r)-”^Pf(Px)exp{-x,x, - (dx, + euXi){K^)-\dx, T e.mXm)], (4.3.93) 
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where Xi are, as before, orthonormal coordinates on the hbre V. First we will check that 
the above form descends to E. For this we mnst check that it is right invariant and that 
it vanishes on vertical helds. The hrst property is easily verihed nsing the expressions: 


= Xi{g = gi/xj{v), R*gdxi = g^^^dx 


r 


(4.3.94) 


To check the horizontal character, notice that Kx is horizontal (for K is horizontal and 
A — 9{Xp) is a zero-form), and then we only have to check it for dxi + OuXi, as in |8^ . 
Notice that we are considering P x V as a principal bundle over E, and therefore a 
fundamental vector held A* (corresponding to A G g) is induced by the G-action on both 
factors. Using the properties of the connection one-form and the action of G on V, one 
immediately gets: 


L{A*)9ij = Aij, i[A*)dxi = C,{A*)xi = —AijXj. (4.3.95) 


We see then that <h(P x V) descends to E. If we set n = 0, this computation can be also 
understood in the framework of G-equivariant cohomology in the Weil model, substituting 
9 and K by their universal representatives in the Weil algebra W(g). However, when we 
consider a vector held action it is better to work with the geometric realizations in order 
to make sense of the inner products and Lie derivatives with respect to the vector held 
X. 

The fact that $(Px U) descends to E simplihes the computation of dj^^{PxV). First, 
we dehne a connection on P x U by pulling-back the connection on P. The horizontal 
subspace at (p, v) is given by Hp © V, where Hp is the horizontal subspace of TpP. If we 
denote by the horizontal projection of a form <F on P x U that descends to P, we 
have: 

= d^h = P<F, t(X)<F = (i(X)<F)h. (4.3.96) 


As 9 vanishes on horizontal vectors, we can put it to zero after computing the exterior 
derivative of (|4.3.93|) . Also notice that the covariant derivative dehned by the pullback 
connection on P x U acts as the covariant derivative of P on the diherential forms in 
Q*{P), and as the usual exterior derivative on the forms in H*(U). 

Now we can compute dj^^{P x U) in a simple way. Again we only need to compute 
the equivariant exterior derivative of the exponent: 


dj^{xiXi + {dxi + 9iiXi){Kx)ij^{dxj + 9j^Xm)} 

= 2dxiXi + [Kiixi - u{C{Xv)xi + 9ii{Xp)xi)\{Kx)~ldxj 

- dxi[{DKx^)ij - ui{Xp){Kx)~^]dxj 

- dxi{Kx)i/[KjpXp - u{C{Xv)xj + 9jp{Xp)xp)]. (4.3.97) 


The computation of C{Xv)xi is straightforward from the dehnition (^4.3.87|) and one ob¬ 
tains —AijXj as in ( |4.3.81|) . Assuming (|4.3.46|) we get DKx = m{Xp)K and therefore, 
using the same arguments leading to (|4.3.62|) , we see that (|4.3.971 ) is zero. If we denote 
by TT the projection of P x U on P, it follows from our assumptions that 7r*X = Xp, and 
therefore, using ([4.3.50|) we see that the form induced by (|4.3.93|) on P is equivariantly 
closed with respect to X^;. 
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The above computation also shows the possibility of introducing a Cartan-like formu¬ 
lation of the equivariant extension we have obtained. Consider the form on hi* (P x V) [u] 
given by 


$(P X V)c = {27i)-^Pf{Kx)exp{-XiXi - dxi{K'^);j^dxj}. (4.3.98) 

Clearly it is still invariant under the action of G, but the horizontal character fails. How¬ 
ever we can consider the horizontal projection of this form, $(P x V)ch, where the 
horizontal subspace is dehned as before by the pullback connection. This form coincides 
in fact with ([4.3.93|), because the horizontal projection only applies to dxi and gives 


{dxi)h = dxi -|- 9ijXj. 


(4.3.99) 


When M = 0, ( [4.3.981) gives precisely the representative of the Thom form that one obtains 
from the Cartan model of G-equivariant cohomology. The interesting thing about this 


expression is that when one enforces the horizontal projection as in [0, one obtains the 
adequate formalism to Topological Gauge Theories. We will then follow this procedure 
to obtain a representative which will be useful later. 

We will suppose, as in Chapter 1, section 4, that the principal bundle P is endowed 
with a G-invariant Riemannian metric g, and the connection 6 is given by (|2.4.76|) . With 
the assumptions we have made concerning P, the condition C{Xp)6 = 0 is equivalent to 
the metric being invariant under the vector held action. Now we will write ( [4.3.98|) as a 
fermionic integral over Grassmann variables: 


$(P X V)c = (7r)-”^e-^*^" 


Vp exp(^-pi{Kx)ijPj + ipidxty 


(4.3.100) 


As we want to make a horizontal projection of this form, we can write K = dO = R ^dv, 
and for the equivariant curvature dehned in ( [4.3.92|) we have: 


Kx = R ^{du — uiy{Xp)) + uA. 


(4.3.101) 


If we introduce Lie algebra variables A, (j) and use the Fourier inversion formula of 
we get the expression: 




4>(P X V)c 


= (27r) '^(tt) Jexp(^^pi{(j)ij + uAij)pj + idxiPi 

-f i{du — uu{Xp), X)g — RX)g^detR 'Dp'D(l)'DX, (4.3.102) 


where ( , )g denotes the Killing form of g, and d = dim(G). Notice that in this expression 
the integration over A gives a ^-function constraining 0 to be P — u6{Xp), which is 
precisely ( |4.3.48|) , the equivariant curvature of the principal bundle P. To enforce the 
horizontal projection, we multiply by the normalized invariant volume form T>g along the 

ra, 


G-orbits, and we can write 


M 


{detR)Vg = J expi{{p, z/)^). 


(4.3.103) 
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where 77 is a fermionic Lie algebra variable. Putting everything together we obtain a 
representative for the horizontal projection: 


$(P X V)ch 


(27r) ”"e y + uAij)pj 

ipidxi + i{di' — uu^Xp), X)g 

i{4>, RX)g + i{r], i>)g'j'DpT>pT>(j)T>X, (4.3.104) 


where integration over the hbre is understood. 

We will introduce now a BRST complex in a geometrical way. As in the preceding 
section, we introduce auxiliary helds tt* with the meaning of a basis of differential forms for 
the hbre. The natural BRST operator is precisely the operator, but we must take into 
account that in <h(P x V)ch we have the horizontal projection of dxi, given in ([4.3.99|) . 
Acting with the equivariant exterior derivative and projecting horizontally, as we did in 
( gX^ , we get: 

dj^{dxih) = uAijXj + {Kij — u6ij{Xp))xj. (4.3.105) 


Remembering that <p is equivalent to the equivariant curvature of P, the BRST operator 
for the hbre is naturally given by: 


Qpi = TTj, QiTi = {uAij + 0p)pp (4.3.106) 

Following we introduce a “localizing” and a “projecting” gauge fermion: 


d'loc = -pi{iXi + -TTi), T 


proj 


= i{X,v). 


On the Lie algebra elements the BRST operator acts as: 

QX = p, Qp = -[(j),X]. 


(4.3.107) 


(4.3.108) 


In order to obtain ([4.3.104|) from (|4.3.107|) using the BRST complex, we must also take 


into account the horizontal projection of forms on P, like in 
exterior derivative is then given as 

d — i{C(f)) — ui{Xp). 


), and the equivariant 
(4.3.109) 


Notice that 0 is an element of the Lie algebra g, and therefore 00 is a fundamental vector 
held on P. Using ( [4.3.108|) and ([4.3.109|) as BRST operators acting on the gauge fermions 
( |4. 3.1071) , the topological Lagrangian (|4.3.104|) corresponding to an equivariant extension 
of the Thom form is recovered. 

The BRST complex we have introduced looks like a. G x Xp equivariant cohomology, 
but one shouldn’t take this analogy too seriously. If one formulates this equivariant 
cohomology in the Weil model, the relation i[Xp)6 = 0 should be introduced, as in 
( [4.1.4|) . Clearly, this is not true geometrically unless Xp is horizontal. In fact, this 
term appears in the equivariant curvature of the principal bundle, and therefore in the 
expression for 0 once the d-function constraint has been taken into account. 
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The last point we would like to consider is the pullback of the equivariant extension 
we have obtained for this case. As (|4.3.93|) descends to a equivariantly closed differential 
form on E, we can pull it back through an invariant section s : M —>■ E as we did in 
subsection 4. But every section of E is associated to a G-equivariant map 

s : P ^ V, s{pg) = g~^s{p). (4.3.110) 


If s is invariant, then the corresponding s in ([4.3.110|) verifies: 


s0f = A(f)s. 


(4.3.111) 


Consider now the map s : P P xV given by s{p) = {p, s{p)). From the above it follows 
that s*<h(P X V) is a closed equivariant differential form on P with respect to Xp, and 
in fact it descends to M, producing the same form we would get had we used the section 
s. We have then the commutative diagram: 


f^*(PxI/)basic,i^ ^ n*{E) 

f^*(/")basic,M ^ 0*{M) 


(4.3.112) 


This diagram should be kept in mind in Topological Gauge Theories, where the topolog¬ 
ical Lagrangian is usually a basic form on P descending to M. When considering the 
equivariant extension of the Mathai-Quillen form we will have the same situation, with 
an equivariantly closed differential form on P descending to M. 


4.3.6 An application: topological sigma models with potentials 


Applying the previous formalism to the topological sigma model ||1U9|] we will obtain the 
model of ||^, which was constructed by twisting an A^ = 2 supersymmetric sigma model 
with potentials [^]. The Mathai-Quillen formalism for usual sigma models can be found 
in [^, |117|, Topological sigma models involving group actions on the target manifold 
were also considered in ||1U9| . 

Let M be an almost Hermitian manifold on which a vector held X acts preserving the 
almost complex structure J and the Hermitian metric G\ 


C{X).J = C{X)G = Q. (4.3.113) 

We have then a one-parameter how (pt associated to X which is almost complex with 
respect to J: 

(puJ = J(pt*- (4.3.114) 

Let S be a Riemann surface with a complex structure e and metric h inducing e. In the 
topological sigma model, formulated in the framework of the Mathai-Quillen formalism, 
one takes as the base manifold A4 the space of maps 


M = Map(S, M) = {/ : S ^ M, / e G“(E, M)}. 


(4.3.115) 
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Given a f E Ai we can consider the bundle over S given by T*S ® f*TM, and define a 
bundle over A4 by giving the fibre on f E Ai: 

V/= r(T*S (8)/*TM)+, (4.3.116) 

where + denotes the self-duality constraint for the elements p E V/: 

Jpe = p. (4.3.117) 


There is a natural way to define a vector field action on Ai induced by the action of X 
on M\ 

(4.3.118) 

and similarly we can define an action on the fibre V/: 


(0tp)(a) = 04*(p(a)). 


(4.3.119) 


This action is well defined, he., (ptP verifies the self-duality constraint ( |4.3.117|) when p 
does, due to (|4.3.114|) . It is also clear that the compatibility conditions of subsection 1 
hold: first, (0tp)((T) takes values in T*EC)T^tf{a)M, therefore (ptp E second, the map 
( [4.3.1191) is clearly a linear map between fibres, as it is given by the action of 

Now we will define metrics on Ai and V. Let Y, Z vector fields on Ai. We can formally 
define a local basis on TAl from a local basis on M, given by functional derivatives with 
respect to the coordinates: 6/6f^{a) ||117|| . A vector field on A4 will be written locally 
as: 

r = (4,3,120) 

With respect to this local coordinate description we define the metric on Ai as: 

(r, Z) = d^aVhG,,Y^ifia))Z%fia)). (4.3.121) 

In a similar way, if p, r G V/ have local coordinates r^, the metric on V/ is given by: 

(p, ^ (4.3.122) 


As A is a Killing vector for the Hermitian metric G, both (|4. 3.121]) and ( [4.3.122| ) verify 


([4-3.51). Now we will define a connection on V compatible with 


In analogy with 


the local basis for TAi, we can construct a local basis of differential forms on f2*(AI), 
df^{a), which is dual to 6/6f^{a) in a functional sense: 


idn^))i 


6 


6r{a') 




(4.3.123) 


Let s be a section of V, with local coordinates s^. We will define the connection by the 
local expression: 

1 


Ds^ = + (rc, + -D,J^j;)4dr, 


(4.3.124) 
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where d is the exterior derivative on Ai, with local expression: 

5 si. 


r n 

ds'‘^= jjWhjjp^drw). 


(4.3.125) 


The connection dehned in this way is induced by the connection on M given by: 


D — Dq + ■ J, 


(4.3.126) 


where Dq is the Riemannian connection canonically associated to the Hermitian metric 
G on M. The corresponding connection matrix on M is 


e = eG + -DgJ ■ J, 


(4.3.127) 


where 6g is the Levi-Civita connection associated to the metric G. Notice that, if M 
is Kahler, then DgJ = 0 and the covariant derivative reduces to the usual form. It is 


easy to see that ([4.3.124|) is compatible both with the self-duality constraint and with the 
metric ( [4.3.1221) . The curvature of the connection ([4.3.1271) can be easily computed using 
= - 1 , DgJ-J = -J -DgJ-. 


R = —(^Rg — JRgJ) — ^ DJ, 


(4.3.128) 


where Rg is the curvature of the Levi-Civita connection. 

To dehne the usual topological sigma model we also need a section of V. This section 
is essentially the Gromov equation for pseudoholomorphic maps S 
written as: 

Jfx)- 


M 521, and can be 


s(/) = 


(4.3.129) 


Using ( [4.3.117[ ) it is easy to show that s is invariant under the vector held action on Ai. 
The last ingredient we need to construct the equivariant extension of the Thom form is to 
check the equivariance of the connection ( 4.3.124[) . As the action of the vector held X on 
A4 is induced by the corresponding action on M, it is sufficient to prove the equivariance 
of the connection ( [4.3.126[) (equivalently, if we check the equivariance in local coordinates 
for Ad, V, we are reduced to a computation involving the local coordinate expressions of X 
and D on M). If X is a Killing vector held for the metric G one has C{X)Dg = DgT{X). 
Using ( 4.3.113[) it is clear that C{X) commutes with D, hence D is equivariant and also 
the connection on V dehned in ( [4.3.124[) . 

Therefore, we are in the conditions of subsection 4, and we can construct the equivari¬ 
ant extension of the Thom form introduced there. To do this we must hrst of all compute 
the operator La = A — ^(X) in local coordinates. As before, the computation reduces to 
a local coordinate computation on the target manifold M. Fist we will obtain A through 
the equation ([4.3.81[). Take as local coordinates on the hbre ^^(ct). We have: 


(/:(X)p(()(a)=lim 




limhh^ 

t ^ du" 


- (4.3.130) 
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where are local coordinates on M and we explicitly wrote the Jacobian matrix asso¬ 
ciated to The limit above is easily compnted once we take into acconnt that the 
one-parameter flow in local coordinates {u^(j)){t,u) = g^{t,u) verifles the differential sys¬ 
tem: 

dg^it.u) 


dt 




(4.3.131) 


where X^{g{t,u)) is the local coordinate expression of the vector held X associated to 
the flow. Using ( |4.3.131| ) we get: 

{C{X)p^^){a) = (a.X^)(/(a))p:((a). (4.3.132) 

Taking into acconnt that the indices for local coordinates on V/ are /x, a, we Anally obtain: 

Ar 2 (/(ff)) = (4.3.133) 

Next we compnte 0{X). Again, by ( |4.3.124|) , we can compnte it for the connection matrix 
on M (|4.3.1271) . Using (|4.3.113|) we get: 


»(A') = Uecix) - Jec(x)j), 


(4.3.134) 


We can now write the BRST complex and the topological Lagrangian for this theory, 
following the prescriptions in ( [4.3.84|) and ([4.3.85|) . First of all, we introdnce the held 
content. We will be interested in the pnllback of the Thom form by the section (|4.3.129|) , 
and then we have as fields the map /, denoted now in coordinates by the basis of 
differential forms df^ = the Grassmann coordinate on the fibre p^, and the anxiliary 
held on the fibre The BRST cohomology follows from the expression ([4.3.133| ) and 
the Lie derivative on the coordinate on M: 


[Q,x^] 

{Q,x^} 


— -a/A* 


-uX^, 

-up'^d^XT 


(4.3.135) 


To compnte the terms in the Lagrangian, we mnst act on coordinate fields for the fibre 
which are self-dnal and verify ( [4.3.117|) . Using this constraint it is easy to see that ( 4.3.134| ) 
is eqnivalent to 9g{X), and that the first term in (|4.3.128|) is eqnivalent to Rq- Notice 
also that to compnte the covariant derivative of the section we mnst apply ( |4.3.125| ). In 
this case we obtain the derivative with respect to the Riemann snrface coordinate of the 
delta fnnction distribntion, and then we obtain the derivative of the held y^. The final 
expression is then: 

S = [ d'^a\/h\^G^„h'^^daX^dfsx'' + 

JE '-Z 2 

1 


-Ig 




(4.3.136) 
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where is the Levi-Civita covariant derivative on M, and Da is its pnllback to S. The 
last term is —upi{L\)ijPj/A and comes from the eqnivariant extension of the cnrvatnre. 
This is precisely one of the extra terms obtained in |]^ after the twisting of the N = 2 
snpersymmetric sigma model with potentials. In the topological action of there are 


also two additional terms that in the topological model come from a Q-exact fermion 
and have a connterpart in the non-twisted action. Remarkably, these two terms can be 
interpreted as the dx-exact eqnivariant differential form that is added to prove localization 
in eqnivariant integration ^ . We will present the general setting and then apply it to 
the eqnivariant extension of the topological sigma model. As we will see in Chapter 5, the 
same constrnction holds for non-abelian monopoles on fonr-manifolds. Notice that, this 
additional term being dx-exact, we can mnltiply it by an arbitrary parameter t withont 
changing the eqnivariant cohomology class. This can be exploited to give a saddle-point- 
like proof of localization of eqnivariant integrals on the critical points of the vector held 
(or, eqnivalently, on the hxed points of the associated one-parameter action). Snppose 
then that on the base manifold M there is a metric G and that the vector held X acts as 
a Killing vector held with respect to G. Consider the diherential form given by 


u;x{Y) = G{X,Y), 


(4.3.137) 


Y a vector held on M. As X is Killing, we have C{X)u}x = 0, and acting with dx gives 
the eqnivariantly exact diherential form 


dx^x — dujx — uG(^X, W). 


(4.3.138) 


The appearance of the norm of the vector held X in ( 4.3.138 ) is what gives localization on 
the critical points of the vector held. In the topological sigma model there is a metric on 
Ai given in ([4.3.121|) which is Killing with respect to the action of X on AI, and therefore 
we can add the exact form (|4.3.138|) to onr eqnivariantly extended topological action. In 
fact ((4.3.1371) is explicitly given on A4 by: 


a;x = jj^aVhG,,X^{f{a))x^. 
We can then obtain (|4.3.138|) in this case as 


dxUJx = ^ d^(y^{x^x"D^X, - uG^,X^X^). 


(4.3.139) 


(4.3.140) 


With ( (4.3.1401) , we recover all the terms of the sigma model of beside the nsnal ones, as 
we will see in a moment. As a last remark, notice that the observables of this Topological 
Qnantnm Field Theory are natnrally associated to the eqnivariant cohomology classes 
on M with respect to the action of X (see also |(109(| ). The eqnivariant extension of the 


topological sigma model is thns the natnral framework to stndy qnantnm eqnivariant 
cohomology. 

Now we want to stndy this model as a twisted version of the non-linear topological 
sigma model with potentials. Twisted N = 2 snpersymmetric sigma models with potential 
terms associated to holomorphic Killing vectors have been considered in |^. As in the 
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ordinary case, the Kahler condition on M can be relaxed and the topological model exist 
for any almost Hermitian manifold admitting at least one holomorphic Killing vector. 
Althongh most of what comes ont in onr analysis is already in ra. we will describe the 
constrnction in some detail, in the simple case of target manifolds that are Kahler. 

Let M be a 2(i-dimensional Kahler manifold endowed with a Hermitian metric G and a 
complex structnre J. This complex structnre verihes = 0, where Dp is the covariant 

derivative with the Riemann connection canonically associated to the hermitian metric G 
on M. The action which resnlts after performing the twist of the N = 2 snpersymmetric 
action given in (with the fnnctions h and G* set to zero) is ||70| : 


= 




+G,,X^X’^ + x^x'^DpX, + 


(4.3.141) 


We follow the notation in (|4.3.136|) : h is the metric on the Riemann snrface S, 
fi = 1,... ,2d, are bosonic helds which describe locally a map / : E —> M, as before, 
and p^, p = l,...,2(i, are anticommnting helds which are sections of V/ in ([4.3.116|) . 
The helds constitnte a basis of diherential forms df^ and is a holomorphic Killing 
vector held on M which besides preserving the Hermitian metric G on M it also preserves 
the complex strnctnre J. These two featnres are contained in the conditions (|4.3.113|) 
which in local coordinates are: 




D^Xp — 0 , 


Jf^^rpDpX, = DpX, 


(4.3.142) 


Notice that we are considering the model presented in [Q with only one holomorphic 
Killing vector. This is the sitnation which leads to the Topological Quantnm Field Theory 
constrncted in the previous section. 

An important remark in the twisting of the topological sigma model leading to the 
action (|4.3.141|) is the following. N = 2 supersymmetric sigma models exists for hat two- 
dimensional manifolds. Their formulation on curved manifolds implies the introduction 
of X = 2 supergravity. The twisting is indeed done on a hat two-dimensional manifold. 
Once the hat action is obtained one keeps only one half of the two initial supersymmetries 
and studies if the model exist for curved manifolds. It turns out that it exists endowed 
with that part of the supersymmetry which is odd and scalar and often called topological 
symmetry, Q, and that the resulting action is ([4.3.141|) . This procedure is standard in 
any twisting process. One might hnd, however, that in order to have invariance under 
the topological symmetry, Q, it is necessary to add extra terms involving the curvature 
to the covariantized twisted action. As we will discuss in Chapter 5, this will be the case 
when considering non-abelian monopoles. 

The Q-transformations of the helds are easily derived from the N = 2 supersymmetric 
transformations in P. They turn out to be: 


[Q,x^] 

{Qx^} 

{Q.P^a} 




-i{dax'^ - 1 - ea^J^^dpx'') 


Kx’^pl 


(4.3.143) 
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where e is the complex structure induced by h on S. As it is the case for the N = 2 
supersymmetric transformations in |^, this symmetry is realized on-shell. After using the 


held equations one hnds: 


\Q\x‘‘] = d.XV, 
\Q\fU = aw'-pj. 


(4.3.144) 


From these relations one can read off the action of the central-charge generator in (p.2.17|) : 
Z acts as a Lie derivative with respect to the vector held X^. This is exactly the action 


one hnds for in ([4.3.135) with u = —1. In addition, the hrst two transformations in 


( [4.3.143I) are the same as the ones generated hj dj^, for this value of u. In order to compare 
the transformation for in (|4.3.143| ) to the one in (|4.3.135|) , we need hrst to introduce 
auxiliary helds to reformulate the twisted theory oh-shell. As shown in ||109|, [7T| , this is 
easily achieved by twisting the oh-shell version of the N = 2 supersymmetric theory. In 
the twisted theory these auxiliary helds, which will be denoted as can be understood 
as a basis on the hbre V/. Coming from an oh-shell untwisted theory, they enter in the 
twisted action quadratically. As expected, after adding the topological invariant term, 

S2 = t:[ d'^ay/he°‘^ , 


(4.3.145) 


the action of the oh-shell twisted theory can be written in a Q-exact form: 


{Q, + -H'^p) + G,,X^x^] ] 

= Si + S2 + \j^ 




(4.3.146) 


where one has to take into account the Q-transformation of the auxiliary held Hj^ and 
the corresponding modihcations of the third Q-transformation in ([4.3.143|): 


{Q,p^J = 
= 


H^ - 

iD^X^ + teJj^Dpx'' + nXK 
Ir.u\x^X^pI + DrX>^pl. 


(4.3.147) 


The auxiliary held entering ([4.3.146| ) and ( |4.3.147| ) is not the same as the one 
in ([4.3.1351) and ( [4.3.86|) . Notice that in the action resulting after computing QT in 
( t4.3.86[ ) the auxiliary held does not enter only quadratically in the action. A linear term 
is also present. In ( [4.3.146|) , however, only a term quadratic in Hj^ appears. Also the 
transformations (|4.3.147]) and (|4.3.135|) , as well as the gauge fermion in ([4.3.146|) and 


( [4.3.861) , are diherent. Redehning the auxiliary held 77^ as: 

= 77 ^ + z(d^x^^ + ejr^dpx'^) - 


(4.3.148) 


one hnds that: 


{Q.pS} = ns, 

10. ns] = d,x>‘pi, 


(4.3.149) 
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and the resulting action has the form: 


{q, Vh[h“'>G,.p^(iagx‘- + \kxpI + iny + }. (4,3,150) 


Notice that the hrst term in (|4.3.150D has the structure of the gauge fermion (|4.3.86|) . 
Now we have all the ingredients to compare the theory constructed geometrically as an 
equivariant extension of the Thom form, and the twisted N = 2 supersymmetric sigma 
model. The hnal form of the BRST algebra of the twisted theory, after the redehnition 
of the auxiliary held, is identical to (|4.3.135|) , with the parameter u = —1. This action 
differs from ( |4.3.136|) in the terms which originated from (|4.3.15CI|) . These are 

precisely the terms obtained in (|4.3.140|) in the previous section. Thus the twisted theory 
corresponds to the one obtained from the equivariant extension of the Mathai-Quillen 
formalism once the localization term ([4.3.140|) is added. Notice that from the point of 
view of the equivariant extension of the Mathai-Quillen formalism this additional term 
can be introduced with an arbitrary multiplicative constant t. Since the dependence on 
the parameter u of section 2 can be reabsorbed in the vector held X, one has a one- 
parameter family of actions for a hxed Killing vector X. Since this parameter enters only 
in a Q-exact term one expects that no dependence on it appears in vacuum expectation 
values, at least if some requirements on compactness are fulhlled. This opens new ways to 
compute topological invariants by considering different limits of this parameter, and the 
resulting approach corresponds mathematically to localization of integrals of equivariant 
forms. The simplest case, the homotopically trivial maps from the Riemann surface S 
to the target space M, was explicitly considered in 0, and some classical localization 
results like the Poincare-Hopf theorem were rederived in this framework. 

This topological theory, as the non-extended one, can be generalized to the case of an 
almost Hermitian manifold. We will not describe this generalization here. The existence 
of this generalization was hrst discussed in m and, as shown before, it can also be 
formulated from an equivariant extension of the Mathai-Quillen formalism. 




















Chapter 5 

Non-abelian monopole equations 


In this capter we will present a moduli problem which can be understood as a gener¬ 
alization of both Donaldson theory and of the Seiberg-Witten monopole equations: the 
non-abelian monopole equations. They involve the coupling of a non-abelian Yang-Mills 
held to a spinor with values in the Yang-Mills bundle, and give rise to a moduli space 
which includes in a natural way the moduli space of ASD connections. Indeed, the con¬ 
ditions for having a well dehned moduli space of non-abelian monopoles are essentially 
the same as those in the case of Donaldson theory. In this chapter we give a preliminary 
analysis of this moduli space and we also study the equations on Kahler manifolds, where 
they reduce essentially to the well-known non-abelian vortex equations. The chapter is 
organized as follows: In section 1 we briehy review the Seiberg-Witten equations. In 
section 2, the non-abelian monopole equations are introduced and the associated moduli 
space is studied. In section 3, we consider the equations on Kahler manifolds and we give 
a description of the space of solutions in terms of holomorphic objects. 


5.1 The Seiberg-Witten monopole equations 


The Seiberg-Witten equations, introduced in ||114|| , constitute perhaps the major break¬ 
through in the study of the geometry of four-manifolds since Donaldson work. The theory 
is equivalent, in a very precise way, to Donaldson theory. Actually one can recover the 
Donaldson invariants from the Seiberg-Witten ones, but one can also take another point 
of view and study the Seiberg-Witten equations and their implications for four-manifold 
topology without taking into account this connection. By now there is no a precise math¬ 
ematical proof of the equivalence, and the link still is provided by the Quantum Field 
Theory point of view. In this section we will introduce these equations from a mathemat¬ 
ical point of view, and in Chapter 7 of this work we will explain its origin in the realm 
of the Seiberg-Witten exact solution of Y = 2 supersymmetric Yang-Mills theory. For a 
more precise treatment of the Seiberg-Witten equations, and some of the results that have 
been obtained, one can see [M ^ 1^, 1^, E 


The point of view of Topological 


Quantum Field Theory can be found in |101 


Let X be an oriented, closed, Riemannian four-manifold. If X is Spin, we introduce a 
complex line bundle L and a section of denoted by M. Recall that is endowed 
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with a Hermitian metric. Then, we can consider the trace-free endomorphism of S~^ 

i{MM)o = iM - ^\M\Hd (5.1.1) 

It is easy to see that this endomorphism is also skew-adjoint. With respect to a local 
basis for S~^, the matrix associated to i{MM)o is given by 


i{MM\ = 


( i(|Mi|2-|M2n 

iMiMl \ 

iM2Ml 

-f(|Mi|2-|M2p) ) 


(5.1.2) 


The Seiberg-Witten equations are a system of partial differential equations for a pair 
consisting of a connection on L, A, and a section of ® T, M. They are: 


p(n) 


2i(MM)o = 0, 

£>iM = 0 . 


(5.1.3) 


where the map p is given in the Appendix, ( |A.1.12| ), and Dl is the twisted Dirac operator 
for the Dirac bundle ®L. In this chapter, the Lie algebra of the unitary group consists 
of the self-adjoint matrices, as it is usual in Physics. In particular, the Lie algebra of U{1) 
is R. The connection and curvature of L are then real differential forms. It is illuminating 
to write in components the hrst equation in (|5.1.3|) . Using the explicit representative of 
the p map given in (|A.1.13|) , we get the equations: 


-^03 + Fi2 
-pQl + -^23 
Fq2 + T 3 I 


|Mi| 2 - |M 2 |^ 

MiM; + M*M2, 

- Ml M 2 ). 


(5.1.4) 


Another useful way of writing the Seiberg-Witten equations uses the spinor notation 
more familiar in Physics (Appendix, section 1). We represent the self-dual part of the 

and ( [A.1.251) . The equations 

in this notation read: 


held strength by the symmetric matrix given in (A.1.24) 


+ = 0 , 

= 0, (5.1.5) 

where M(aMg) = M^M/s 4- M^Ma (notice that we do not include the usual 1/2 factor in 
this symmetrization). 

In case X is not Spin, we choose on X a Spin'^-structure (see Appendix, section 3) 
with associated positive-chirality spinor bundle S '/'2 = S'"*" ® L, where the bundles S~^ and 
L only exist locally. The determinant line bundle of this Spin'^-structure is then and is 
endowed with a U{1) connection A 12 and curvature F]^ 2 . In this case, the Seiberg-Witten 
equations can be written as: 

^p(F+)+2z(MM)o = 0, 

DijiM = 0 . 


(5.1.6) 
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One can wonder why we choose these normalizations for the Seiberg-Witten eqnations, 
following ||114|| . From a mathematical point of view, the normalizations are irrelevant 


to the analysis of the modnli space. Bnt these eqnations have their origin in a twisted 
N = 2 snpersymmetric gange theory, as we will see in next Chapter, and the above choice 
of factors is the standard one in Field Theory. 

The analysis of the above eqnations from the point of view of the definition of topo¬ 
logical invariants follows the same lines of Donaldson theory. An important difference, 
and one of the main advantages of the Seiberg-Witten eqnations, is that the associated 
modnli space is compact. We won’t review here the constrnction of the Seiberg-Witten 
modnli space and the definition of the Seiberg-Witten invariants. One can find them in 
iniiiii- Many of the relevant aspects will appear in the analysis of the non-abelian 


generalization. 


5.2 Non-abelian monopole equations 

In this section, we will stndy the non-abelian monopole eqnations and some aspects of 
their moduli space, following [^. We will consider the equations defined on an oriented, 
Riemannian, closed four manifold X. We will also suppose that X is Spin, and we will 
denote the positive and negative chirality spinor bundles, as in the Appendix, by and 
S ~, respectively. The generalization to arbitrary four-manifolds can be done using a Spin^- 
structure |^. The obvious way to construct the non-abelian moduli problem consists 
of considering, instead of a complex line bundle, as in the Seiberg-Witten equations, a 
principal fibre bundle P with some compact, connected, simple Lie group G. The Lie 
algebra of G will be denoted by g. For the monopole part, we need a vector bundle E 
associated to the principal bundle P by means of a representation R of the Lie group 
G, of rank (Ir (the dimension of the representation), and endowed with a R(G)-invariant 
metric g. The representation of the Lie algebra of G associated to R will be denoted by 
g^;. As in the previous section, the Lie algebra is dehned with a i factor in the exponential 
map. In this way, the Lie algebra of the unitary group is taken as the set of Hermitian 
matrices. The data for the non-abelian monopole equations are a connection A on E and 
a section of the twisted bundle M G F(S'+ ® E). They can be written in a compact form 


as: 


+ = 0 , 

DeM = 0, (5.2.7) 

where the T“ are the generators of the Lie algebra taken in the representation R, Fag — 
and M (a{T°')Mi 3 ) is a shortened form for (this convention will be 

used throughout this work). Dr is the Dirac operator for the twisted bundle S'+ ® E, i.e, 
the Dirac operator coupled to the gauge connection in the corresponding representation. 
Notice that we have used the metric on E to identify E ' 2 :^ E* (if the representation is 
complex) oi E E* (if the representation is real). Within this general framework it 
is easy to write out explicitly the non-abelian monopole equations for the case in which 
Donaldson theory has been proved more useful: G = SU{N) and E associated to the 
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fundamental representation, with Tk{E) = N. In this case, E is endowed with a Hermitian 
metric h and ge are the trace-free, self-adjoint matrices. The hrst monopole equation can 
be written as: 


_. Xij _, 

K?+= 0 . 


(5.2.8) 


In this equation (and similar ones in this chapter), a sum in the repeated index k is 
understood. It is easy to check that the term involving the monopole helds is a Hermitian 
matrix. The expression in (|5.2.8|) is obtained from (|5.2.7|) after contracting it with T“ 
and using the fact that the normalization of the generators can be chosen such that for 
the fundamental representation of SU{N) one has {T°‘yi{T°‘Y^ = Notice 

that in the SU{N) case, there is a topological restriction on the Hermitian bundle E\ it 
has a trivial determinant line bundle. The equation (|5.2.8|) can be written in the same 
notation that ( p.l.3|) : 


p(F+) + 2i [(M ®h M)o - ^Tr;,(M ® M)o] = 0, 


(5.2.9) 


where the Hermitian metric h on E is explicitly introduced, and the trace is taken with 
respect to h (he., in the E indices). In the rest of this chapter we will mainly focus on 
the SU{N) case, with the monopoles in the fundamental representation, although many 
expressions will be valid for a general gauge group and representation. 

The held space is in this case A4 = A x T{M, S~^ ^ E), where A is the moduli space 
of G-connections on E. The group Q of gauge transformations of the bundle E acts on 
this conhguration space according to ( p.l.5|) : 

(5.2.10) 

g*{MA) = gMa 


where M G r(X, S'"*" ® E) and g takes values in the group G in the representation R. 
Notice that in terms of the covariant derivative (Ia = d + i[A, ] the inhnitesimal form of 
the transformations (|5.2.11|) becomes, after considering g = exp(i0): 


6A = —dA(j)^ 

SMa = i(t>M. (5.2.11) 


The moduli space of solutions to the non-abelian monopole equations, modulo gauge trans¬ 
formations, is denoted by AIna- An important point is that the non-abelian monopole 
equations always have the solution M = 0, = 0, and therefore AIasd C AIna- 

The tangent space to the conhguration space at the point (A, M) is just T(^A,M)Ai = 
TaA © TMr(X, S+®E) = (X, g^) © r(X, S+®E), for r(X, © E) is a vector space. 

We can dehne a gauge-invariant Riemannian metric on A4 from the metric on the forms 
^*{Se) and the Riemannian metric on S~^ © E\ 

= i / Ate) + 0 e(p“'A + <P“), 

2 Jm 2 Jx 


{9, z/)) 


(5.2.12) 

















5.2. NON-ABELIAN MONOPOLE EQUATIONS 


67 


where e = ^/g. Notice that we have introduced a 1/2 factor in the hrst piece of the metric. 
This is again to match Field Theory normalizations. 

A hrst step to understand the structure of the moduli space of solutions to the non- 
abelian monopole equations modulo gauge transformations is to construct a slice of the 
gauge action, as we did in Donaldson theory. For this we need an explicit construction of 
the gauge orbits, given by the map Q x A4 ^ M. The tangent space to these orbits is 
the image of a map from the Lie algebra of the group U to the tangent space to M, 

C:Lie(g) — >TM. (5.2.13) 

It can be obtained from (|5.2.11|) and reads, in local coordinates: 

C(0) = (-dA^, e Di(gE) © F(X, S+0E), D°(gE). (5.2.14) 

Using the natural metrics, we can compute the adjoint operator C*! (which will be needed 
later to obtain the topological Lagrangian of the theory). Let us consider (V',/^) G 
T^am)M = n^{X, gE) © r(X, F+ © E). One hnds, 

■9 _ _ k> 

- M"VL - (5,2,15) 

which is an element in Lie(^) = f2°(g£;). The linear version of the slice is just the kernel 
of this mapping, and the quotient of this kernel by the corresponding isotropy group 
describes a neighbourhood of [(A, M)] in AA/Q. 

We must then analyze the type of isotropy groups or stabilizers that appear in the 
action of ^ on AI. First of all, it is clear that if we have a non-minimal isotropy group 
7 ^ C'(G), then the connection A must be reducible. If we restrict ourselves to 
the case of G = SU{2), and monopoles in the fundamental representation, we know that 
reductions correspond to splittings of = L © L~^, and stabilizers correspond to the 
subgroup U{1) C SU{2) given by 

( 'o“ e-» ) • 

Clearly, these gauge transformations don’t leave M invariant unless M = 0. Then, the 
only elements in A4 having a non-minimal isotropy group, for G = SU{2) and E in 
the fundamental representation, are of the form (A,0), where A is a reducible SU{2) 
connection. Notice that the center of SU{2) acts in a non-trivial way on the monopole 
helds (living in the fundamental representation of SU{2)), therefore pairs with M 7 ^ 0 
have a trivial isotropy group. A reducible solution to the non-abelian monopole equations 
is then a reducible ASD connection, he., an abelian instanton, like in SU{2) Donaldson 
theory. 

The local model of the moduli space is given by the zero locus in Ker G^ of the 
following map s : A4 ^ D^’’''(g£;): 

,1 _. . 

s(2l, M) = (^(©7 + - -mIm%)), (D'-'MJ) , 


(5.2.17) 
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The normalization factor 1 /\/2 is introduced in order to obtain a topological action with 
the standard normalizations in Field Theory, as we will see in the next Chapter. Notice 
that the map ( p.2.17D is gauge equivariant, and if we consider the vector space T = 
© r(X, S~ C) E), we can form, as in ( p.4.70|) , the associated vector bundle: 


£ = M Xg T'. 


(5.2.18) 


The map (|5.2.17|) descends to a section s : Ai/Q ^ £, and the moduli space of non- 
abelian monopoles 2 Wna- is the zero locus of this section. As in Donaldson theory, we 
study the linearization of this map, ds : Ti^a,m)-^ —^ ^ explicit expression is: 






where p"*" is the projector on SD forms. Instead of studying the restriction of this map to 
Ker C\ we can consider the instanton deformation complex: 

0 D°(gs) ^ Q}{gE) © r(x, s^®E)^ © r(x, s-®e)-^ o. (5.2.20) 

To check that this is in fact a complex, we compute the composition ds ■ C: 

(ds-C')(0) = (^(-p+dAd^0+ [M(„M^),0]),zD““(0M,) -z(d^0)““M„), (5.2.21) 

where 0 G f2'^(g£;), and the E indices are understood. An explicit computation shows 
that 


{ds . C){^) = ( - AilKs + t{M(„M 0 ) - id>D^°M„) (5.2.22) 


v/2 


N 


which equals zero on a solution to the non-abelian monopole equations. To see that 
this complex is elliptic, we can deform it dropping terms of order zero in the operators 


C and ds (as their leading symbol is not changed). In this way, the complex ( 5.2.20 ) 
splits into the complex associated to the anti-self-dual (ASD) connections of Donaldson 
theory (|2.2.28|) and the complex of the twisted Dirac operator. Both are elliptic, proving 
that ( b.2.20|) is elliptic too. This shows that the map ( |5.2.17| ), restricted to Ker is 
Fredholm. The index will be simply the sum of the index of ( p.2.28|) (which equals the 
virtual dimension of the moduli space of ASD instantons, given in ( |2.2.38|) ), and of twice 
the index of the twisted Dirac complex (for we are considering ® E, S~ ® E as real 
vector bundles, in order to obtain the real dimension of the moduli space). This is easily 
computed and gives: 


index De = / ch(E)A(X) 
Jx 


-—a-C2{E). 


(5.2.23) 
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The index of ( |5.2.2(]| ) 


is: 


dim 2 Wna = dim TWasd + 2 index De 

N^ -1 N 

= i4N-2)c,{E)-^^{x + a)--a, 


(5.2.24) 


This is the virtual dimension of the moduli space A^na, in the SU{N) case, and for the 
monopoles in the fundamental representation. The generalization of this expression to 
other gauge groups is straightforward. 

Orientability of the moduli space is easily checked. As we have seen, the operator 
T = Ct © ds can be deformed to a direct sum of the Dirac operator and the elliptic 
operator for the complex of ASD connections ( | 2 . 2 . 21 j|) . The determinant line bundle of 
the Dirac operator, when regarded as a real operator, has a natural trivialization coming 
from its underlying complex structure. The determinant line bundle of the operator 
appearing in the Atiyah-Hitchin-Singer complex, as we saw in Chapter 1, is orientable 
according to the results of Donaldson [^, Therefore, AIna is orientable and the 
orientation is induced by a trivialization of det ind Sa, as in Donaldson theory. 

These analysis show that the non-abelian monopole theory appears as a rather natural 
generalization of Donaldson theory: the moduli space of solutions contains Af asd as a 
subset, and the conditions for having a well defined moduli problem are essentially the 
same, at least in the SU{2) case. There are two points concerning the construction of 
the moduli space that we have not discussed: transversality and compactness. AIna is 
not compact and must be compactified in an appropriate way. Both problems have been 
adressed in a related context in ^]. 

A first constraint on the solutions to the non-abelian monopole equations is obtained 
by using classical vanishing theorems in spin geometry , and is a generalization of the 
vanishing theorem derived for the Seiberg-Witten equations in [|1 14|| . There are two ways 
to obtain this result. In the first one, one considers the Weitzenbbck formula ( |A.2.45|) for 
De-. 

D eD eM = VgV eAI + -^RM + ipi^F^'jM. (5.2.25) 

Using now the first non-abelian monopole equation for ^(^ 4 ), one obtains for the last 
term, in components. 


(1 + 


N 


(5.2.26) 


Taking now the Hermitian inner product with M in the equation (|5.2.25|) , we have: 


{M,DeDeM) = {M,V*eVeM) + -R\M\^ 


+ (1 + UlAifl" \m"m{ + Afhlp, 

ij 


(5.2.27) 


As the last term is < |M|^/ 2 A, the terms in the second line are > (1 — 1 /A)|M|‘^, which 
is greater than or equal to zero. As DeM = 0, if the scalar curvature of X is positive, 
then M = 0. In this case, AIna = AIasd- 
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Another way to reach the same result is to compute the norm squared of the section 
s{A,M), with the natural Riemannian metric on the hbre JF, given by the integration 
over X of the expression given in ( |A.1.29|) . This norm will become the bosonic sector of 
the topological action of the theory, as we will see in the next Chapter. We then have: 


|s(A,M)|2 = [ e{DEM,DEM) 

_ 1 /■ - ■ 

4t J X 

= e[g^’^D;M^D,M^ + -^R\M\^ - lTr(F+“^F+^) 




N 


(5.2.28) 


After using the fact that for SU{N) the normalization of the generators T“ can be chosen 
in such a way that for the fundamental representation {ro-yj 
last term in (|5.2.28|) can be written as: 


1 ) (M („T“M^)), 


(5.2.29) 


where a sum over a must be understood. This term can be computed explicitly in local 
coordinates with the result, 


ha 


ij 


2 I ^ 


(5.2.30) 


and therefore it is positive dehnite. The factor iM^Mp has cancelled in the sum, 
and then each term in the second expression for |s(A, M)p in (|5.2.28|) is positive dehnite 
except the one involving the scalar curvature. For a solution of the non-abelian monopole 
equations, |s(A, M)\^ is zero, and therefore if i? > 0 we obtain again M = 0. We can also 
get from this expression an upper bound for the squared norm of the self-dual part of the 
curvature on solutions of the monopole equations: 




eR\ 


(5.2.31) 


5.3 Non-abelian monopoles on Kahler manifolds. 

In this section we will analyze in more detail the non-abelian monopole equations on 
a compact Kahler, Spin manifold X for the case in which the gauge group is SU{N) 
and the monopoles are in the fundamental representation. We will obtain in this case a 
description in terms of holomorphic objects as well as a relation with the vortex equations. 
This analysis conhrms that the moduli space of non-abelian monopoles has a rich structure 
and can give an interesting information in four-manifold topology. 

On a Kahler manifold the spinor bundle S~^ splits into 77^/^ © = (r2°(X) © 

r2^’‘’(X)) © 77^/^, where 77^^^ is a square root of the canonical bundle K (see Appendix, 
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section 3). Let E be the vector bundle associated to the fundamental representation of 
SU{N), and denote by a* and i/?* the components of M* in ® E and ® E, 

respectively. We also have the decomposition of SD forms given in ( ^■3.42D . If we express 
as an endomorphism of the positive spinor bundle, following ( |A.3.64|) , we can write 
the hrst SU{N) monopole equation as: 




pij ^ 


/. J , ■ 

-(aW-yy-— 


k\2 


-^0,2 


2 

= W13 


N 


F^a’^(3 . 


(5.3.32) 


The Dirac operator De can be written in terms of Dolbeault operators for the bundles 
0 E, according to (|A.3.61|) , and the second monopole equation reads: 


\/2{dA(y. + id\l3'^ = 0. 


(5.3.33) 


Now we can use the expression (f).2.28| ) to obtain vanishing results for the solutions of 
( p.3.32|) , as in ||1 14| , |103|| . Suppose (A, a,/3) is a solution to ( ^.3.32|) , and hence ( |5.2.28| ) 
vanishes. Then {A, a, —(3) makes (|5.2.28|) vanish too, and we obtain another solution to 
(p.3.32|). Therefore, any solution of these equations verihes: 


Li = Li = 0- 


(5.3.34) 


This tells us that the connection A endows E with the structure of a holomorphic bundle, 
as it happens in Donaldson theory and in the abelian theory ||114 . 

The most general solution to the equation 




(5.3.35) 


is a 7 ^ 0, = 0 or a = 0, 7 ^ 0 (with a, f3 understood as vectors). Of course we also 

have the solution a = /? = 0, which corresponds to an ASD instanton. Let’s consider 
the hrst kind of solutions. Suppose a 7 ^ 0, /? = 0. The Dirac equation (|5.3.33|) for this 
kind of solution is simply = 0, with Ba the twisted Dolbeault operator on 0 E. 
As A dehnes a holomorphic structure on E, according to (|5.3.34|) , and is clearly 
holomorphic, the Dirac equation simply tells us that a is a holomorphic section of the 
bundle £ = 0 E, he., a G H^{X,£). For a = 0, /d 7 ^ 0 we have the symmetric 

situation, with (3 a holomorphic section of the bundle £' = 0 E. Let’s change 

slightly our conventions and take the curvature Fa as a skew-Hermitian matrix, following 
the usual ones in geometry. Then, when /3 = 0, the first non-abelian monopole equation 
reads: 

1 , 


iAFr 


a 


a 




= 0 , 


(5.3.36) 


where a is a holomorphic section of the holomorphic bundle 0 E. To put this 
equation in the standard framework of vortex equations, the curvature must be that of 































72 


CHAPTER 5. NON-ABELIAN MONOPOLE EQUATIONS 


the holomorphic section of which a is a section. As K is endowed with the canonical 
Riemannian connection, and the equality iAFk = R holds, where R denotes, as before, 
the scalar curvature of X, one can write: 


iApE — iAFEi/2(^E 


-R. 


(5.3.37) 


The non-abelian monopole equation (|5.3.36|) then reads: 


iAFKi/2^E + “ 


a = -R 


— ah. 
n' 


(5.3.38) 


This equation is closely related to the vortex equations on Kahler manifolds studied 
in P5|, and can be analyzed using similar methods. This version of the vortex 


equations involves a holomophic pair (£, a) consisting of a holomorphic bundle £ = 

E together with a holomorphic section, a. In addition, £ has a fixed determinant bundle 
det(£^) = K with a fixed connection (the canonical one). 

Now we briefly consider the case a = 0. Using the Kahler identity ( p.3.56|) , we can 
write (|5.3.33| ) as 

AdA'fi = 0. (5.3.39) 

If we denote by L the operator given by ■ Ao;, it is easy to check that [L, A] = p+q—2 acting 
on (p, g)-forms |^, and this in turn implies that A is an isomorphism on (l,2)-forms. 
We can then write 9^/? = OaIS = 0, and /? is a holomorphic section of £' = 77^/^ ® E. 
Conjugating the second equation in ( b.3.32| ), we then get: 


lAF, 




^ 1 
2^ 


:e A ®h — -R + 1 ^' 


1 

iV' 


h’’ 


(5.3.40) 


and therefore we have the same vortex equation but for the pair {£' = K^l‘^ ® E, fi). 

The relevant stability notion here involves stable pairs, and has been analyzed in 
in the SU{2) case. The equation ( ^.3.38]) has a solution if and only if the pair {£,a) is 
stable, in the sense, essentially, of a-stability. A related stability notion was introduced 
in the context of self-dual equations on Riemann surfaces in ||^, and was studied for 
general vortex equations on Kahler manifolds in [E^, M . It can be roughly described 


as follows: let JF be a proper subbundle of £, such that the image of a lies on JF. Then, 
the pair {£,a) is said to be a-stable if for any such a subbundle JF, /i(JF) < fi{£). This 
stability notion applies to the two cases, (|5.3.38|) and (|5.3.4CI|) . More information on 
stability conditions in relation to non-abelian monopoles and vortices can be found in 


To complete the picture of the moduli space of non-abelian monopoles in terms of 
holomorphic objects, we will use the techniques of symplectic geometry that we introduced 
in Chapter 1, and that have also been applied in the abelian case [|114|| . Suppose again 
we are in the case a ^ 0, = 0. We dehne a symplectic structure on Af/ 3 =o = x 
r(X, 77^/^ ® E) according to: 


Pt{(P,ii)A6,v))= / Tr('0A6')Aa;-/ a; A a;(/iV* —/iV*), 

Jx 2 Jx 


(5.3.41) 
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where "0, 9 are in g^) and /i, u in r(X, K^^‘^®E). This symplectic form is obviously 

preserved by the action of the group of gauge transformations. We consider g^;) 

as the dual of Lie(^) = gg), and the pairing is given by the integration over X 

of the trace of the wedge product, as we did in the Donaldson case. C is the map given 
in ( 5.2.14| ). The brackets denote the dual pairing. The explicit expression of this map is 
given by: 

m(A a) = A cu - (5.3.42) 


2 ' N' 

The hrst piece of this map is just the corresponding map for Donaldson theory (p^.3.65|) , 
and the second piece contains the dependence on the monopole part. The property (|2.3.60|) 
is easily verihed from the expression for the differential of ( b.3.42|) : 


(dm) (A,a) ('?/’,/i) = (dA'0)*-^ A a; - ^ + aV - jy (5.3.43) 

The solutions of (|5.3.36|) are precisely the zeroes of the moment map (|5.3.42|) , as it happens 
in Donaldson theory. This indicates that the moduli space of solutions of the SU{N) 
monopole equations with (3 = 0 can be identihed with the symplectic quotient m“^(0)/^. 
Following the general remarks given in Chapter I, we can identify the moduli space of 
non-abelian monopoles with (3 = 0, for a hxed topological SU{N) bundle E, with the 
quotient of the stable orbits of A4fs=o under the complex gauge group Qc- The stable 
orbits in this case correspond to stable pairs (£, a) G 2 W/ 3 =o (where we have identihed 
holomorphic structures on E with integrable connections, and a is a holomorphic section). 
A similar picture holds for a = 0. 

If we restrict ourselves to the SU{2) case (as reducibility and stability are under 
control), we then have the following result: on a compact, Kahler, Spin four-manifold, 
the moduli space of solutions to the SU{2) monopole equations has three branches: the 
hrst one corresponds to the irreducible ASD connections with M = 0, and can be identihed 
with the equivalence classes of stable holomorphic Sl{2, C) bundles E. The second branch 
corresponds to pairs consisting of an equivalence class of holomorphic Sl{2, C) bundles E 
together with a holomorphic section of 0 E modulo S'/(2, C) gauge transformations 
(the case a ^ 0, (3 = 0 discussed before), and such that the pair (S,a) is stable. The 
third branch is similar to the second branch, but now a = 0, (3 ^ 0, and consequently 
we must consider instead holomorphic sections of 0 E. Notice that the hrst branch 
is the intersection of the second and third ones, and that the second and third branch 
can be identihed, because E corresponds to the fundamental representation of SU (2) and 
E E. The non-abelian monopole theory has then a richer content than Donaldson 
theory. 
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Chapter 6 


Non-abelian monopoles and N = 2 
SUSY 


One of the fundamental aspects of the abelian and non-abelian monopole equations that 
we analyzed in the previous Chapter is that they can be obtained from the twist of 
supersymmetric gauge theories in four dimensions. More precisely, the Thom form in 
the Mathai-Quillen formalism associated to these moduli problems can be understood as 
the topological action of a twisted supersymmetric N = 2 theory. In this Chapter we 
will analyze this connection and formulate the Field Theory framework to understand 
these equations. In section 1 we construct the topological action of the non-abelian 
monopole theory in purely geometrical terms, using the Mathai-Quillen formalism. We 
also construct the observables of the theory and we define the polynomial invariants for 
SU{2) monopoles as correlation functions of this Topological Quantum Field Theory. In 
section 2 we show how this action appears after twisting N = 2 supersymmetric QCD 
with one flavour, Nf = 1. In section 3, we consider the equivariant extension of the Thom 
form associated to a U{1) action on the moduli space of non-abelian monopoles and we 
show that it coincides with the twisted N = 2 theory with one massive hypermultiplet. 
Finally, in section 4 we show how to include Spin'^-structures by twisting the U{1)b global 
symmetry of the supersymmetric theory with Nf = 1. 


6.1 The topological action and the observables 


In the hrst subsection we will build the topological action corresponding to the non- 
abelian monopole equations of the previous chapter, using the Mathai-Quillen formalism. 


In other words, we will construct the Thom form of the associated vector bundle (|5.2.18|) . 
One of the advantages of this formalism is that it provides a procedure to construct the 
action of a Topological Quantum Field Theory starting from a moduli problem formulated 
in purely geometrical terms. We follow again ||^. The topological action for the abelian 
case, corresponding to the Seiberg-Witten equations, was constructed along the same lines 
in . In the second subsection we construct the observables of the theory, stressing the 


similarities with Donaldson-Witten theory. 
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6.1.1 The topological action 


As the vector bundle (|5.2.18|) is constructed as an associated vector bundle to a principal 
bundle A4 ^ A4/Q, the adequate formulation of the Thom form is the one given in [|^ 
and reformulated in |^. All the necessary ingredients have been already presented in 
Chapter 3, section 5. First of all, we need a connection in the principal bundle. As A4 
is endowed with the Riemannian metric given in (|5.2.12|) , we can obtain this connection 
according to the general construction given in Chapter 1, section 4. Recall that, if the 


tangent space to the gauge orbits is given by the image of the map C in (|5.2.14|) , then 
the connection is 

e = R-^Cl ( 6 . 1 . 1 ) 


The operator R = C^C can be explicitly computed from (^.2.13|) and ( ^.2.15|) , and reads 






( 6 . 1 . 2 ) 


where 0 G 12° (X, g). We will write the pullback of the Thom form of T \,o AAjQ using the 
section s induced by (|5.2.17|) . Taking into account the commutative diagram (|4.3.112|) , 
the most useful representative of this form is a horizontal, basic form on A4. This is 
obtained through the pullback of the form given in (|4.3.104 ) by the equivariant section s 
( b.2.17|) . As we are not yet considering any vector field action, we put u = 0 and pullback 
the form. One obtains in this way: 


DrjDpDcpDX exp(| —\s\‘^ + -{p,(j)p)+i{p,ds) 

+i{dC\ X)g - RX)g + i{p, . (6.1.3) 

We recall that 0, A are conmuting Lie algebra variables and p is a. Grassmann one. We 
have introduced coordinates in the hbre not necessarily orthonormal, and we denote the 
metric on the fibre by ( , ). The bracket with the subscript g is the Cartan-Killing form 
of Lie(^), given by the trace together with the product of forms, dehned as in (|5.2.12|) 
with a 1/2 factor. We know explicit expressions for all the operators appearing in this 
expression, for ds has been already computed in (^.2.19|) . 

Before writing the action, we would like to indicate the held content and the topological 
symmetry, i.e., the BRST complex. These are determined by the geometrical structure 
that we have been developing. We also introduce ghost numbers for the different helds 
involved in the model. From the mathematical point of view, this can be interpreted as 
a grading for the different differential forms appearing here, although it has a physical 
origin in the symmetry of the untwisted theory. For the conhguration space we 

have commuting helds P = {A,M) G A4 = A x r{X,S^ ® E), with ghost number 0 
and their superpartners, representing a basis of diherential forms on Ai, dP = 
with ghost number 1. Now, we must introduce helds for the hbre which we denote by 
^ gs) © F(X, S'" (8) E), with ghost number —1. We also know that 

in the construction of the action from gauge fermions it is useful to introduce auxiliary 
commuting helds for the hbre, with the same geometrical content, (77^,^, h^), and ghost 
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number 0. The field 0 G g^;), with ghost number 2, corresponds to the curvature of 

the principal bundle Ai and can be understood as the parameter u in the ^-equivariant 
cohomology. The fields A (commuting) and t] (anticommuting), also in r2‘^(X, g^;) with 
ghost number —2 and —1, respectively, come from the projection form, as we explained 
in Chapter 3 following [^]. The BRST cohomology of the model is obtained simply 
from the cohomology of At and A. As we emphasized in Chapter 3, one must consider 
the horizontal projection we are performing in order to descend to the quotient Ai/Q, or, 
alternatively, we can directly work in the Cartan model for the ^-equivariant cohomology. 
We must take into account, with respect to our previous conventions, that in this case 
the group Q acts on the left on Ai and JF, as one can see in ( 5.2.11|) . Therefore there 
are some slight differences with respect to the expressions given in Chapter 3. Essentially 
we must act on the fibre with the transpose of the connection and curvature matrices, 
as one can easily check. On the configuration space Af, the Q operator is simply given 
by (|4.3.1091) with u = 0. On 0, Q gives obviously zero, and this can be understood 
as an implementation of the Bianchi identity. On the fields associated to the fibre, Q 
acts according to the expressions in (|4.3.106|) , but with —0 instead of 0. Finally, for the 
remaining Lie algebra variables, we have the equations (|4.3.108| ). We then obtain the 
BRST complex for this model: 


(6.1.4) 


This BRST gauge algebra closes up to a gauge transformation generated by —0, according 
to the fact that the squared of the differential operator in the Cartan model of equivariant 
cohomology is given by (|4.1.10|). It is perhaps interesting to analyze how the question 

m 


[Q.A] 

= V’, 

[Q, Mp] 

= lL 


= dA(p, 

{QAa} 

= 

[Q,0] 

= 0, 

{QaI} 

= hi 

{Q ) Xfj-u} 


[Q, K] 



— '^[X^J.uy 0]) 

[Qa] 

= *[A,0], 

[Q,A] 

= d, 




of reducibility arises in this framework m- Using the underlying fermionic symmetry, 
one can prove Witten’s localization theorem ||112|| : the path integral associated to any 
Cohomological Field Theory is localized on the fixed point locus (in the configuration 
space) of the BRST operator Q. If a connection A is reducible, then = 0 has non¬ 
trivial solutions. This means that the space of Q-fixed points is larger than the space to 
which we want to localize the path integral (the solutions to the non-abelian monopole 
equations, which appear as a fixed point of the Q symmetry on-shell, as we will see in a 
moment). 

We are now in the position to write down the action of the theory. Let us consider 
first the last five terms in the exponential of the Thom form (|6.1.3|) , 


-i{(t),RX)g 

i{{XA),ds) 


Ix *d\dA(t>) eM"{A, 0}M„, 


1 


2^2 


’X 




^ [ e{VaD°‘°‘Ha + Ai"T>aan") “ ^ Ip Af„), 

2 Jx 2 Jx 





















78 


CHAPTER 6. NON-ABELIAN MONOPOLES AND N = 2 SUSY 


^{{X,v),(l>{x,v)) = ^ J^eTi{x'"^[(j),Xa/3]) - ^J^ev°(j)Va, 

= ^[ ^r{\A*[^jJ,*^p])+^ e/i"A/i„. (6.1.5) 

Zi J X J X 

To obtain these expression, one must use the spinor conventions compiled in the Appendix, 
specially (|A.1.22|) and (|A.2.42|) . The section term in (|6.1.3|) has been computed in (im, 
and the action resulting after adding to it all the terms in ( |6.1.5| ) constitutes the held 
theoretical representation of the Thom form of the bundle £. This action is invariant 
under the transformations ( |6.1.4| ) once the auxiliary held Hap and are introduced. It 
can be obtained in its oh-shell form using the nilpotent transformations (|6.1.4|) (up to a 


gauge transformation) and the gauge invariant gauge fermions 
localizing gauge fermion is: 


In our case, the 


^'loc = -i{(x,n),s(A,M)) - -((x,n), (77, h)), (6.1.6) 

while the projection gauge fermion, which implements the horizontal projection, is, 

d'proj = ^(A,C'^(V’,/i))g. (6.1.7) 

Making use of the Q-transformations (|6.1.4|) one easily computes the localization and 
the projection Lagrangians: 


{<3. 'I'loc} = {«./,. -\Y„) 




V2 

* (n^77“"M„ - WDaaV^) - \{Vah^ + Kv^)] } 


IX 


^2s/2 


8 

_. AP_. 


._^Xr(x“^(d^^/;)„^) - ^(p„x"^iV7^ - 


+ lTr(77“^77„^)-^Tr(x“^[x„;3,- 


-{haD^^Ma - M^Daah'^) 


+ ^(n(i77“"/r„ + iPDaaV°') - ^(M^aa^" + v'^'ljjaaMa) 
~(hah°‘ + iVa(j)V°‘) 


( 6 . 1 . 8 ) 


{Q,Tpi.oj} = {Q,[iTr(A A *d^^7) + e(/2“AM„ - M“A/r„)]} 

= [Tr( - A ^ *d\dA(l) “ A *[*^ 1 , ^i]) 

+ ^e{jl°‘T]Ma + M'^Tplia) 
+e(p“A/r„-^M“{(/.,A}M«)]. 


(6.1.9) 
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The sum of ( p.l.8|) and (|6.1.9| ) is just the same as the sum of the terms in (|6.1.5|) 
plus —\s{A,M)\‘^ as given in (|5.2.28|) once the auxiliary fields Hap and ha have been 
integrated out. This is indeed the exponent appearing in the Thom form ( |6.1.3| ) which 
must be identified as minus the action, —S, of the Topological Quantum Field Theory. 
After carrying out the integration of the auxiliary fields the resulting action turns out to 
be: 


S = f e[g^'^D^M'"D^Ma + ^RM‘"Ma 

% 1 
+-A A *d\dA(l) - 2"^ 

+ \}Ma - - TaX'^^Mp) 

+ jDDaaV"^) + ^(M“V’aan“ + 

— {fx'^gMa + - fL°‘XlJ.a), ( 6 . 1 . 10 ) 


where we have used (|5.2.29|) to write the term quartic in the fields Ma. Although this 
action has been computed considering the fundamental representation of the gauge group 
SU(N), its form is also valid for any other gauge group and representation. This action is 
invariant under the modified BRST transformations which are obtained from (|6.1.4|) after 
taking into account the modifications which appear once the auxiliary fields have been 
integrated out. As we will see in the next section, it contains the standard gauge fields 
of a twisted N = 2 vector multiplet, or Donaldson-Witten fields, coupled to the matter 
fields of the twisted N = 2 hypermultiplet. 


6.1.2 The observables 


We want to compute now the observables of the theory, he., the cohomology of the BRST 
operator Q, in the SU{2) case. As we will see, they take the same form that in Donaldson- 

From the transformations (|6.1.4D it follows that any polynomial in 


Witten theory 

the field 0 gives an observable. But we saw in Chapter 3 that the natural interpretation 
of 0 is as the curvature of the principal bundle A4 —>■ A4/Q. If we recall the construction 
of cohomology classes in Donaldson theory presented in Chapter 1, section 4, and the 
equation (|2.4.80|) , we see that the natural starting point for the cohomology, in the SU{2) 
case, is the operator: 

( 6 . 1 . 11 ) 


just like in Donaldson-Witten theory. It it important to notice that, although the struc¬ 
ture of the observable is the same, it is different from the one appearing in Donaldson 
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theory. This is because the curvature of the corresponding principal bundle is different 
and includes a contribution form the monopole helds, as it is clear from (|2.4.77|) , (|5.2.15|) 
and ( |6.1.2|) . 

Starting from the operator (|6.1.11|) one can hnd the other generators of the coho¬ 
mology ring using the descent procedure, introduced in [p.U8 ]. Starting from = O, 
one recursively hnds /c-forms on the manifold X, such that the following descent 

equations are verihed: 

( 6 . 1 . 12 ) 

One then finds: 


= 

^ I-- 

to 


0(2) = 

+ 2^^ A V’), 


(9(3) ^ 



(9(4) ^ 


(6.1.13) 


From the descent equations (|6.1.12|) follow that if E is a fc-dimensional homology cycle, 
then 


1(E) = / (6.1.14) 

Jt, 

is in the cohomology of Q. For simply connected four-manifolds, which is the case we will 
be interested in, fc-dimensional homology cycles only exist for k = 0,2,4. For k = A the 
cycle S is the four-manifold X and I{X) is the instanton number. The only operators 
which are relevant are then ( |6.1.11|) and the /(E) associated to two-cycles. Notice that 
this operator has the same structure than (|2.4.82|) , but involves a different curvature. As 
a final remark, the degrees of the above observables regarded as differential forms on the 
conhguration space are precisely their ghost numbers, according to the assignment above. 

Now we can define polynomial invariants for this theory, mimicking the Donaldson 
construction. Of course, we have not provided all the ingredients from the mathematical 
point of view, but we can just dehne them as the correlation functions of the Topological 
Quantum Field Theory we have constructed, which is equivalent, as we will see in next 
section, to the twisted N = 2 QCD with one massless hypermultiplet. At least in the 
SU{2) case, the moduli space of non-abelian monopoles can be dehned in a proper way, 
as we have seen in last Chapter. One may hope that the topological correlation functions 
of the twisted theory will be equivalent to the properly defined invariants associated to 
the SU (2) monopole equations. 

As usual in Quantum Field Theory, we will group all the correlation functions in a 
generating function, as in (|2.4.84|): 


(exp(^Q;aJ(Ea) + tiO)), 

a 


(6.1.15) 


summed over instanton numbers of the bundle E. In ( |6.1.15|) , as in (|2.4.84|) , the E^ denote 
a basis of the two-dimensional homology of X, and therefore a = 1, • • •, dim H 2 {X, Z). 
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In (p.l.l5|), the terms appearing in the expansion have the form: 




(6.1.16) 


Correlation functions involving operators of the form (|6.1.16|) vanish unless the following 
selection rule holds: 

4r + 2s = dim AIna- (6.1.17) 

where dimA^NA is given in (p.2.24 ) with N = 2. As we know from the discussion on 
Donaldson theory, and the expressions ( |2.4.84| ) and ( ^.4.85| ), correlation functions of the 
topological held theory are interpreted mathematically as intersection forms in the moduli 
space. The operator O represents a cohomology class of degree four, and /(S) represents a 
cohomology class of degree two. If we assume regularity, or if the obstruction cohomology 
can be considered as a vector bundle over the moduli space, the condition (16.1.17 ) simply 
says that the integral of these differential forms vanishes unless the total degree equals 
the dimension of the moduli space. This condition has a natural interpretation in held- 
theoretical terms |[108|| . The dimension of the moduli space corresponds to the index of 
the operator T = ds ® C\ which gives the two-term form of the deformation complex 
( ^.2.201) . But this is also the operator associated to the grassmannian helds in (|6.1.10| ), and 
its index gives the anomaly in the ghost number. The selection rule ( |6.1.17|) is therefore 
the’t Hooft rule which says that fermionic zero modes in the path integral measure should 
be soaked up in the correlation functions. 

A consequence of (|6.1.17|) is that, in order to have non-zero correlation functions, the 
dimension of the moduli space must be even. Looking at ( p.2.24|) , it follows that the 
quantity 

A = (6.1.18) 

4 

must be an integer. Notice that on a Spin manifold (the case we are considering) the 
signature verihes 

cr = 0 mod 8, (6.1.19) 

as the index of the Dirac operator is —cr/8. In particular, on a four-dimensional Kahler 
manifold, one has 

X + a = 2 - 26i + 6+ = 4(1 - + h^’^). (6.1.20) 

where denote Hodge numbers. Therefore, (|6.1.18|) is always an integer. These 

conditions appear also in Donaldson theory, and they will have an interesting interpre¬ 
tation in the light of the equivalence of both theories to the Seiberg-Witten monopole 
theory, as we will see in Chapter 7. 


6.2 Twist of the N = 2 theory 


The action ( |6.1.10|) can be obtained from the twist of A = 2 supersymmetric Yang-Mills 
theory with gauge group SU{N) coupled to an A = 2 hypermultiplet in the fundamental 
representation. The twist of A = 2 matter superfields coupled to A = 2 supersymmetric 
Yang-Mills theory has been studied from different perspectives in [^, |^, |], |^, . 
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Here we follow the approach in |^. For an exhaustive study of the twisting procedure 
for N = 2 and iV = 4 theories, see The basic idea involved in the twisting has 


been introduced in Chapter 2. Recall that in the proccess of twisting the isospin index 
i becomes a spinor index, and the supercharges become Qia —>■ Qpa and —>• . 

The trace of Q/ja, Q = Qa" = Q12 — Q2I) becomes a (0,0) rotation invariant operator 
(we put bars on the isospin indices). If there is no iV = 2 central extension, from the 
supersymmetry algebra follows that Q obeys = 0. This operator can be regarded as a 
BRST operator and the U{1)ti charges as ghost numbers. 

The twist of = 2 supersymmetric Yang-Mills theory has been already described 
in Chapter 2. We will consider the case of its coupling to an Y = 2 hypermultiplet. 
N = 2 matter is usually represented by Y = 2 hypermultiplets. The hypermultiplet 
contains a complex scalar isodoublet q = (q'i,q' 2 ), fermions ijjqa, i’qa, '4’qa^ a 
complex scalar isodoublet auxiliary field Fj. The fields qi, tjjqa, 'ijjqa^ and F) are in the 
fundamental representation of the gauge group, while the helds q^^, ipqa, i^q^, and Fd 
are in the conjugate representation. From the point of view of Y = 1 superspace, this 
multiplet contains two Y = 1 chiral multiplets and therefore it can be described by two 
Y = 1 chiral superfields Q (this Q should not be confused with the BRST operator) and 
Q, i.e., these superfields satisfy the constraints DaQ = 0 and DaQ = 0. They have 
charge 0. While the superfield Q is in the fundamental representation of the gauge group, 
the superfield Q is in the corresponding conjugate representation. The component fields 
of these Y = 1 superfields are: 


Q, 


—^ gi, ^qc Fa, gd ^ 

gd, iPq^, Fd, g2, V’ga, Fi. 

The transformations of the Y = 1 superhelds are 


( 6 . 2 . 21 ) 


Q ^ Q{U 


and Q —Q(e*' 


( 6 . 2 . 22 ) 


In Y = 1 superspace the action for the Y = 2 hypermultiplet coupled to Y = 2 
supersymmetric Yang-Mills takes the form: 


I d^x d^e d^e (Q^e^Q + Q^e-^Q) 

-i\f21 d^x d^e Q^Q + iV2j d^x d^e (6.2.23) 


Notice that the last two terms are consistent with the fact that while $ is in the adjoint 
representation of the gauge group, the superhelds Q and Q are in the fundamental and 
in its conjugate, respectively. 

The SU{2)i current includes now a contribution from the bosonic part of the hyper¬ 
multiplet: 

= Aa^cJaA - zgVaF^g -F iF^gVag. (6.2.24) 

The twist of the theory can also be understood as a gauging of the SU{2)j current, as 
it happens with the pure Y = 2 Yang-Mills theory. This is achieved by adding to the 
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original Lagrangian a term Tq'^ui^uj^^aaCrbq. The kinetic term for the bosons in the 

resulting theory is then 


{Df, + - iuj^‘"aa)q, 


(6.2.25) 


where is the covariant derivative acting on scalars in the fundamental of SU{N). We 
then see that, after the twisting, the bosonic fields q become positive-chirality spinors. 
This is the result we get after redihning the rotation group as in ( p.l.3|) . Therefore, under 
the twisting, the fields in the N = 2 hypermultiplet become: 


Qi ( 0 , 0 , 1 / 2 )° 
'iP.o. ( 1 / 2 , 0 , 0 )' 
^ ( 0 , 1 / 2 , 0 )-' 
F, ( 0 , 0 , 1 / 2)2 
( 0 , 0 , 1 / 2 )° 
( 0 , 1 / 2 , 0 )-' 
( 1 / 2 , 0 , 0 )' 
( 0 , 0 , 1 / 2)-2 


( 1 / 2 , 0 )°, 

-^ijV2 ( 1 / 2 , 0 )', 
v^/V2 ( 0 , 1 / 2 )-', 
IW ( 1 / 2 , 0 ) 2 , 
( 1 / 2 , 0 )°, 

v^lV2 ( 0 , 1 / 2 )-', 
r/V2 ( 1 / 2 , 0 )', 

(l/ 2 , 0 )- 2 . 


(6.2.26) 


Again, the assignment of ghost numbers is consistent with (|3.1.6|) . 

The Q-transformations of the twisted fields can be obtained very simply from the 
N = 2 supersymmetry transformations. These last transformations are generated by the 
operator rf'°‘Qia + TiaO^'^ where and are anticommuting parameters. To get the 
Q-transformations of the helds one must consider = 0 and replace rjia —>■ pe^a, being p 
an arbitrary scalar anticommuting parameter, and where 621 = e '2 = 1 raises and lowers 
isospin indices. Let’s consider hrst the action and the Q-symmetry in the on-shell theory. 
The ^-transformations of the helds are: 


[Qi 

= V’m, 


- l^cx.1 


= 

[Q,M^] 


[Q,A] 

= V, 

{Q ) Pa} 

= -i(t)Ma, 

{Q,p} 

= *[A,0], 

{Q ) Pa} 

= iMacf), 

[QA] 

= 0, _ 


= -2zF)““M„, 

{Q.Xlq} 

= —i\/2(F“^ -I- iM(„T“M^)), 

{QHa} 



(6.2.27) 

and for the twisted action in Euclidean space one gets: 


Si 


/ v^[Tr(lF„„-F'“' - - 

F-D,\D>‘4, + A] 






(o J 


O) 
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(6.2.28) 


Notice that the matter helds with bars carry a representation R conjngate to R, the one 
carried by the matter helds without bars. Notice also the presence of a term involving the 
curvature of the four-manifold X, as in (|5.2.28|) . This term must enter the twisted action 
in order to preserve invariance under the topological symmetry Q on curved manifolds. 
This possibility was already envisaged in 


, but it was found there that, in the case of 
N = 2 Yang-Mills theory, the gauging of the SU{2)i symmetry was enough to gurantee 
Q-invariance on a curved four-manifold. In the case at hand, it originates in the following 
way. After gauging the internal SU{2)j symmetry, the kinetic terms in the Lagrangian 
read 

, (6.2.29) 


where D°“^ are respectively the covariant derivative and the Dirac operator associated 
to the tensor product connection on S~^ ® E. If we compute [Q, C\ with the Lagrangian 
obtained by just gauging the SU{2)j symmetry, the kinetic terms ( |6.2.29| ) give a non-zero 
result. After using the Weitzenbock formula (|A.2.45|) , we obtain 


[g,£] = -|(MV + /i“M„), 


(6.2.30) 


where R is the scalar curvature of the manifold. It then follows that the modihed La¬ 


grangian 


Aop = c + 


(6.2.31) 


is Q-closed on a general four-manifold. This then gives the topological action in (|6.2.28|) , 
which coincides with ( p.l.lOj) , and shows that the twisted N = 2 QCD theory with 
Nf = 1 is equivalent to the non-abelian monopole theory considered in the last Chapter. 
Notice that, as we indicated in the previous section, Witten’s hxed point theorem implies 
that the path integral of this theory is localized on Q-invariant conhgurations. The Q- 
transformations of x and in (|6.2.27| ) indicate that these invariant conhgurations verify 
the non-abelian monopole equations. 

The Q-transformations close on-shell up to a gauge transformation whose gauge pa¬ 
rameter is the scalar held 0: 


[Q^A,] 


[g^M«] 

= —icjyMa 



[g^M„] 


[g^ A] 

= *[A,0], 

{g^h«} 




{g^h«} 



= 0, 

{g^'t^a} 


{g^x«/3} 

= i[Xag-) 0]) 

{g^h(i} 

= iVa4>- 


(6.2.32) 


Notice that for the last transformation in the hrst set and for the last two in the second set 
we have made use of the held equations. To obtain the Q-transformations in (|6.1.4|), we 
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must first of all realize that the auxiliary helds of the twisted theory in (|6.2.26|) are different 
than the auxiliary helds in (|6.1.4|) . This is a hrst hint on the existence of some differences 
between the theory presented in the previous section and the twisted theory. Auxiliary 
helds are useful in supersymmetry because they permit to close the supersymmey oh- 
shell. In this section we have considered a version of the N = 2 hypermultiplet which 
contains a minimal set of auxiliary helds. If one considers this oh-shell version of = 2 
supersymmetry [^, |], it is possible to show that it does not lead to a formulation 

whose action is Q-exact. The theory presents a non-trivial central charge Z, and this is 
an inconvenient for the twisting because then one hnds = Z instead of = 0. On the 
other hand, if one disregards this problem and goes along considering the twisted theory, 
it turns out that after integrating the auxiliary helds the action of the twisted theory 
( p.2.28|) is just the action ( |6.1.10| ), plus some additional terms that will be analyzed in 
a moment. This equivalence proves that in the twisted theory the auxiliary content of 
the theory and the Q-transformations involving these helds can be changed in such a way 
that an oh-shell action can be written as a Q-exact quantity and, furthermore, = 0. 
In other words, one can indeed affirm that the twisted theory is topological. This was 
observed for the hrst time in [HI . 


Our next goal is, as in the case of topological sigma models in Chapter 3, to construct 
an oh-shell version of the twisted model. In this approach the steps to be followed are 
the same ones as in the case of the topological sigma models: introduce auxiliary helds 
Kai 3 , ka and in the transformations of Xai 3 , and Va respectively, and dehne the 
transformations of these helds in such a way that on Xfiu, and Va closes without 
making use of the held equations. Following this approach one hnds: 


{QWa] 

[Q.Kp] 

[g, 

[Q ; 


- 2iT)"“M„, 

ka — 2iDaaM^, 

i[Xaf3, - iV2{p^{Di/j))af3 + V2{fl(aT'"Mp) + M(„T“/i;3)), 

i(pVa — 2lpaaM°' + 2iDaaT^- (6.2.33) 


The non-trivial check now is to verify that on the auxiliary helds closes properly. One 
easily hnds that this is indeed the case: 


[Q\Kap\ 

[Q'^.ko] 

[g^fc«] 


^ , (/ 
i(f)ka, 
ika(j). 


(6.2.34) 


It is important to remark that these relations imply that Q closes oh-shell. Our next task 
is to show that Si is equivalent to a Q-exact action. 

After adding the topological invariant term involving the Chern class. 




[ FAF, 
Jx 


(6.2.35) 
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one finds that the off-shell twisted action of the model can be written as a Q-exact term: 

1 , . (6.2.36) 


{Q, Ao} = S, + S 2 + ^J^ 


where, 


lx 


An = f ^[--x‘‘^'‘^^V2^F‘^ + iM^J''‘^U^)+KP 

+ —Va{2iD^^Ma + ha) + —{^iDaa^l + ka)v^ 

o o 

+Tr(^AA>^V'M - A]) - ^(/i“AMo - M“A/i„) 


(6.2.37) 


The auxiliary held entering (|6.2.37|) is not the same as the one entering ( 4.3.106|) . Again, 
the auxiliary helds and in (|6.2.37|) appear only quadratically in the action, 

contrary to the way they appear in the Mathai-Quillen formalism. The relation between 
these two sets of helds can be easily read comparing ( |4.3.107|) and (|6.2.37|) , or (|4.3.106|) 
and (|6.2.33|). Redehning the auxiliary helds as 



ha = ka- 2iDaaM°‘, 

(6.2.38) 

one hnds that. 

[Q,h“] = 

[Q, ha] = iVa4>, 

(6.2.39) 

and the resulting action takes the form: 



{QA} 

(6.2.40) 

where, 

A = 

V9[ - \x^^^{iV2{F^p + iM(aT^Mp)) + R“^) 



+ ~h(i(4iR"“MQ -|- ha) + —{AiD^aM + ha)v°‘ 

O O 

+Tr(^AR^^^ - ^7^(0, A]) -- M“A/i„)'. 

(6.2.41) 


The action (|6.2.4CI|) dihers from the one that follows after acting with Q on the gauge 
fermions ( |6.1.6|) and ( |6.1.7D in the terms which are originated from —Tr(|? 7 [(/), A]). These 
terms comes form the potential energy of the B, Ri in the untwisted theory, and their 
absence in the Mathai-Quillen formalism is a well known fact in Donaldson-Witten theory 
m- As they are Q-exact, their presence does not play any important role towards the 
computation of topological invariants. This proves the equivalence between the topological 
action, obtained through the Mathai-Quillen formalism, and the action obtained from 
the twist of 77 = 2 supersymmetric Yang-Mills coupled to one matter hypermultiplet 
(Nf = 1 ). 
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6.3 The massive theory 


The purpose of this section is twofold. First of all, we will exploit the fact that the 
non-abelian monopole equations, for SU{N) and the monopole helds in the fundamental 
representation, have a U{1) symmetry |^, ^ We will then obtain an equivariant 
extension of the Thom form in this case, providing in this way the second example of 
the construction in Chapter 3. After this construction, we will show that the equivariant 
extension constructed in this way is the twisted N = 2 Yang-Mills theory coupled to a 
massive hypermultiplet. The connection between the U{1) equivariant cohomology and 
the massive theory was pointed out in 
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First of all, we dehne vector held actions on Ai and T associated to a U{1) action as 
follows: 




0f(x,M“)= (x,e**M“), 


(6.3.42) 


where, as usual, Ma € F(X, S’"*" ^ E), M“ G F(X, S'" ® E) and y G g^;). It is 

clear that these actions commute with the action of the group of gauge transformations 
on both Ai and A. Furthermore, the metrics on these spaces are preserved by the U{1) 
action. The section s : Ai ^ A dehned in ( b.2.17|) is clearly equivariant with respect to 
the U{1) actions given in (p.3.42|). Namely, 






(6.3.43) 


We are in the conditions of Chapter 3, section 3.5, and therefore we can construct the 
equivariant extension of the Thom form of the associated vector bundle E = (Af x A)/Q. 
First we compute the A matrix on the hbre according to ( [4.3.90|) . In local coordinates we 
get: 

Ay = 0, AMi = -iMl (6.3.44) 

Notice that, if we split in its real and imaginary parts, A is given by the matrix ( [4.3.91|) . 
From ( |6.3.42|) and (|4.1.13|) we can also obtain the local expression of the associated vector 
held in {A, Ma). 


Xm = {0, iMa) G 0\X, ^e) © r(x, S+®E). 


(6.3.45) 


The additional terms we get in the topological Lagrangian ( 4.3.1U4 ) after the equivariant 
extension are associated to A, which has already been computed, and to vi^Xj^). The 
explicit expression oi v = is given in (|5.2.15|), and together with (|6.3.45|) we get: 




z/(0,^M;) = 


(6.3.46) 


The additional terms in the topological lagrangian due to the equivariant extension are 
then given by: 


u e( -— iM°‘XMa) 

Jx 4 


(6.3.47) 
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where we have deleted the SU{N) indices, and Va is the auxiliary held associated to the 
monopole coordinate on the hbre. The BRST cohomology of the resulting model follows 
from the expressions in Chapter 3, ([4.3.1U6|) and ([4.3.1U9D , and the explicit expressions for 
the vector held action ( |6.3.45|) and (|6.3.44|) . The only changes are in the transformations 
for the monopole helds, as U{1) does not act on A, We get: 



Lai 

{Q 5 

= —iuMa — icl)Ma 


= h". 

[Q, h“] 

= —iuv'^ — icjyv^". 


(6.3.48) 

As in our discussion on the topological sigma model in Chapter 3, we can add a dx^-exact 
piece to the action starting with a diherential form like the one in ( |4.3.137| ). Now we must 
take into account that we can only add to the topological lagrangian basic forms on Ai 
which descend to At/Q. If we dehne a diherential form on Ai starting from (|5.2.12|) as 




(6.3.49) 


we can use invariance of the metric on Ai, and under the action of the gauge 
group to see that the above form is in fact invariant. But the horizontal character of 
( |6.3.49|) is only guaranteed if Xjn is horizontal. This is in fact not true in our case, as 
it follows from ( |6.3.46|) . Therefore we must enforce a horizontal projection of ooxm using 
the connection on Ai, and consider the form = ooxm^- Actually we are interested in 




(6.3.50) 


which also descends to AAjQ. In computing the above equivariant exterior derivative we 
must be careful, as in ([4.3.105|) . This can be easily done using the BRST complex that we 
motivated geometrically in (|4.3.106|) and ( [4.3.1091 ). Of course, from (|5.2.12|) and (|6.3.45|) 
we can give an explicit expression of (|6.3.49| ). Introducing the basis of diherential forms 
for r(df, S^ ® E), fia, we get: 


^Xm = 2 Jx 

Acting with or, equivalently, with the BRST operator, we get: 


(6.3.51) 


Qujxm = “M - eM (j)Ma -u 

J X J X J X 


eM“M„ 


(6.3.52) 


As we will see, with ( p.3.47|) and ( |6.3.52| ) we reconstruct all the terms appearing in the 
twisted theory with a massive hypermultiplet. 

The observables of the non-abelian monopole theory are diherential forms on the 
corresponding moduli spaces, and they are constructed from the horizontal projections of 
diherential forms on the principal bundle associated to the problem, as we saw in Chapter 
1 in the case of Donaldson theory. They involve the curvature form of this bundle. In 
the equivariant extension of the monopole theory these observables have the same form. 
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but one must use instead the equivariant curvature of the bundle, given in (|4.3.48|) . From 
the point of view of the BRST complex they have the form given in (|6.1.13| ), and for 
simply-connected manifolds we are interested only in 


C> = 




Tr02, J(E) = 2^1^ Tr(0F + A ^). 


(6.3.53) 


As we have pointed out, the ^-function involved in ([4.3.104 ) constrains 0 to be the equiv¬ 
ariant curvature of the bundle Ai, Kxj^. To check that the forms in ( |6.3.53|) are closed one 
must be careful with the horizontal projection involved in the computation. Although the 
vector held doesn’t act on A, the contraction is not zero, as -0 must be hori¬ 

zontally projected and the held X_m must be substituted by Xj^h = Xm — Rp*0{Xm)- Of 
course, using the BRST complex this verihcation is automatic, but one should not forget 
the geometry hidden inside it. 

We will show now that the above equivariant extension correspond to the inclusion of 
mass terms for the matter hypermultiplet. These terms are obtained with the following 
superpotential: 

^ h.c., (6.3.54) 


^ J d^x(feQQ 


where m is a mass parameter. The twisted action in euclidean space, including (|6.3.54|) , 
has the additional terms: 


Sm. = 




1 -a 
-mv Vn 


mM \M^ 


-mM 


(6.3.55) 


The Q-transformations for the matter helds, once the mass terms are added, have a 
non-trivial central charge: 



Tcty 


Tcty 

{Qy Tot} 

= mMa — ifpMa, 

{Qy /f«} 

= —mMa + iMapy 

{QyV^} 


[QyVa] 

= —2iDaaM°'. 


(6.3.56) 


These transformations close on-shell up to a gauge transformation, as in (|6.2.32|) , but now 
they include a central charge transformation of the type presented in (|3.1.4|) , and whose 
parameter is proportional to the mass of the held involved: 



mMa — ipMaj 

= 

— mMa + iMa4>y 

{Q y ha} = 

mHa — f0ha5 

{Q y ha} = 

— Ulfloi iflciCj), 

{Q^'ya} = 

mVa — ipVay 

{Q^yVa} = 

—mVa + iVap. 


(6.3.57) 
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For the last two transformations we have made use of the held equations. The central 
charge acts trivially on the pure Yang-Mills helds or Donaldson-Witten helds but non- 
trivially on the matter helds. As it will become clear in the forthcoming discussion this 
symmetry is precisely the U{1) symmetry entering the equivariant extension carried out 
at the beginning of this section. Notice also that the transformations in ( p.2.27 ) agree 
with (|6.3.48|) , with im playing the role of the parameter u, except for the helds Va and 
Va- In fact, the mass terms in (|6.3.55|) are precisely (|6.3.47|) and (|6.3.52|) . The terms 
coming from the dx^-exact term can have an arbitrary multiplicative parameter t, i.e., 
they enter in the exponential of (|4.3.104|) as tQuJxj^- This parameter must het = —im/A 
in order to recover the twisted theory (notice that the exponential of ( 4.3.104 ) has to be 
compared to minus the action of the twisted theory). 

To construct an oh-shell version of the twisted model, we follow the procedure we 
applied in the massless case. The auxiliary helds are again Ka^, and ka, as in (|6.2.33|) , 
but the transformations for the last two are modihed to: 


[Q, fc"] = -f 2iD°‘°‘fia, 

[Q, ka] = —mVa + i(j)Va “ — 2iDaakA 


(6.3.58) 


and for one has: 


[Q‘^, ka] = mka — i(t>ka, 
[Q^, ka] = -mka + ika<i 


(6.3.59) 


Introducing now the gauge fermion corresponding to (|6.3.51 ), 

Am = -^m [ y/g{lNMa - M^^Ha), (6.3.60) 

o J X 

one hnds that the oh-shell twisted action of the model can be written again as a Q-exact 
term: 

{Q, Aq -|- Am} = S'! -|- 5*2 -|- Sm + ^ ^ — K'^^Kap)^ (6.3.61) 

where Si is (|6.2.28|) , S 2 is the topological term (|6.2.35|) . To recover now the action in the 
Mathai-Quillen formalism and the last two transformations in ( |6.3.48|) , we redehne the 
auxiliary helds as in (|6.2.38|) to obtain: 


[Q,h}\ = mVa-i(j)Va, 

[Q, ha] = -mVa + 

and the resulting action takes the form: 

{Q, A -|- Am} 


(6.3.62) 

(6.3.63) 


(6.3.64) 


with A given in ( |6.2.41|) . As we mentioned before, the term A^ is precisely the localization 
term discussed in ( |6.3.52|) and from a geometrical point of view it has the same origin 
as (|4.3.14CI|). Again, this term can be introduced with an arbitrary constant providing a 
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model in which an additional parameter can be introduced. As in the case of topological 
sigma models one would expect that the vacuum expectation values of the observables 
of the theory are independent of this parameter, and therefore that one can localize this 
computation to the hxed points of the U{1) symmetry, as it has been argued in from 
a different point of view. 

As a general conclusion to this section, we can make some observations about twisted 
N = 2 theories with central charge. We have analyzed two cases, the topological sigma 
model in Chapter 3, and the massive non-abelian monopoles. In general, these Topologi¬ 
cal Quantum Field Theories possess a non-trivial parameter. It is likely that the vacuum 
expectation values of the observables, i.e., the topological invariants, are functions of this 
parameter. This is a very surprising feature, specially if one thinks that the origin of that 
parameter is a mass in the four-dimensional case, but, at the same time, very appealing. 
Recall that in ordinary Donaldson-Witten theory, as well as in its extensions involving 
twisted massless matter helds, the action of the theory turns out to be Q-exact and there¬ 
fore no dependence on the gauge coupling constant appears in the vacuum expectation 
values. This is also the case in the presence of a non-trivial central charge, for the action 
can again be written in a Q-exact form and therefore there is no dependence on the gauge 
coupling constant. However, one can not argue so simply independence of the parameter 
originated from the mass or central charge of the physical theory. In this case the param¬ 
eter not only enters in the Q-exact action but also in the ^-transformations. Notice that 
vacuum expectation values in these topological theories should be interpreted as integrals 
of equivariant extensions of differential forms. From the equivariant cohomology point of 
view, the parameter of the central charge is the generator of the cohomology ring, which 
we have denoted by u, and the integration of an equivariant extension of a differential 
form can give additional contributions because of the new terms needed in the extension. 
These contributions have the form of a polynomial in u. Therefore, we should expect a 
dependence of the vacuum expectation values of the twisted theory with respect to this 
parameter. A different situation arises when one considers the addition of equivariantly 
exact forms like (|4.3.138|) or (|6.3.50|) multiplied by another parameter t. If some require¬ 
ments of compactness are fulhlled, the topological invariants don’t depend on this Q-exact 
piece, and we can compute them for different values of t. This is precisely the usual way 
to prove localization of equivariant integrals. It is likely that a rigorous application of 
this method to the models considered in this work can provide new ways to compute the 
corresponding topological invariants. 


6.4 Twisting the U{1)b current in N = 2 QCD 

We have seen in section 2 that, after the twisting, the bosonic helds q in the hypermulti- 
plet become positive-chirality spinors: the gauging of the SU{2)i current makes possible 
to dehne N = 2 Yang-Mills theory on a curved manifold, but the obstruction associated 
to W 2 {X) reappears when matter hypermultiplets are introduced. In previous sections 
we have then restricted ourselves to the Spin case, but from the point of view of four¬ 
dimensional geometry it would be desirable to construct twisted N = 2 QCD on a general 
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four-manifold. In the case of the Seiberg-Witten monopole equations, the issue is pre¬ 
cisely to consider Spin'^-structures, and one would like to extend this possibility to the 
non-abelian generalization of these equations. This problem has been addressed in 
where the non-abelian monopole equations and the topological action were obtained in 
the Spin'^ case. Here we will propose a different way to couple matter hypermultiplets 

H- 


The idea is to consider an 


to Spin'^-structures in non-abelian monopole theories 
extended twisting procedure by gauging an additional global symmetry of the physical 
theory. As the pure Yang-Mills sector is already well-defined with the usual gauging of the 
SU{2)i isospin group, this symmetry can only act on the matter sector. Morevover, Spin^- 
structures involve a f/(l) gauge group associated to a line bundle L over the four-manifold 
X. In fact, in four dimensions we have that 


Spin^ = {(A, B) e U{2) x U{2) : det(A) = det(H)}, (6.4.65) 

(see Appendix), and the structure groups of the complex spinor bundles ® are 
SU{2)l,r X 17(1), with the same U{1) action in both sectors. We should then gauge a 
global, non-anomalous 17(1) symmetry in the original N = 2 theory, acting solely on the 
matter hypermultiplets. The required symmetry is precisely the baryon number. Let’s 
see this in some detail. 

The global anomaly-free symmetry of Y = 2 QCD with Nf hypermultiplets is 

SU{Nf) X 17(1)b X SU{2)i. (6.4.66) 


For Nf = 1, the baryon number U{T)b acts on the hypermultiplet as 

e*^g, Q ^ e-'-^Q, 


g 

g^ 


g ^ e 

g^ 


As it is a vector symmetry, it is non-anomalous. In components it reads: 


'tpqa 


e^'^V’qa, 


it 


e-*V, 




qa 

'4’qa 


-*• e 


qa 1 


' qa ^ 'f'qa') Yqa 

The 17(1 )b current associated to this symmetry is 

Jb = -^D^q^q + iq^D^^q + ?^gi(cT'^)““V’ga - 


qa' 


(6.4.67) 


(6.4.68) 


(6.4.69) 


To gauge this 17(1) symmetry, consider the determinant line bundle L associated to a 
Spin'^-structure on X, endowed with a connection 5^, and add to the Lagrangian the term 




(6.4.70) 


If we gauge both the SU{2)j and the 17(l)s symmetries, the covariant derivatives acting 
on the components of the matter hypermultiplet in the resulting Lagrangian are the 
appropriate ones for complex spinors taking values in 5^ 0 0 E. To further analyze 
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the consistency of the procednre, it is nsefnl to consider the correspondence between 
the helds in the original N = 2 theory and the helds appearing in the Mathai-Qnillen 
formnlation of the modnli problem. This correspondence is given in ( |6.2.2(j|) . Taking 
into aconnt the baryon nnmber assignment in (|6.4.68|) , we see that the helds jia are 

sections of ® ® E, v°‘ is a section of S~ 0 0 E, M“, /i" are sections of 

S~ 0 E, and Va is a section of S~ ® E. This is then consistent with 

the expected strnctnre of the complex spinor bnndles. The kinetic terms in the twisted 
theory are then 

^ + T^DLa^v '^), (6.4.71) 

where H)), Dff" are respectively the covariant derivative and the Dirac operator associated 
to the tensor prodnct connection on S~^ ® ® E. 

As in the case of the nsnal twisting, the Lagrangian obtained after the ganging of the 
SU{2)j and the U{1)b symmetries is not Q-closed. If we compnte [Q,C], nsing now the 
Weitzenbock formnla for the Spin'^-case, (|A.3.6CI|) , we obtain 


[Q, C] = - 


(6.4.72) 


where R is the scalar cnrvatnre of the manifold and is the self-dnal part of the 
cnrvatnre of the line bnndle L. It then follows that the modified Lagrangian 


/Itop = c + 


(6.4.73) 


is Q-closed on a general fonr-manifold. This Lagrangian was obtained in [^, and an 
analysis following the lines developed in this and the previons Chapter shows that the 
resnlting Topological Qnantnm Field Theory corresponds to the modnli problem encoded 
in the eqnations 


F+“ + ^M(„(T“)M^) = 0, 
DlM = 0 . 


(6.4.74) 


These are eqnations for a pair (A, M) consisting of a connection A on E and a section 
M of the twisted complex spinor bnndle ® ® E, and the connection on the 

determinant line bnndle is fixed. The operator Dl is jnst the Dirac operator for this 
twisted bnndle. Similar eqnations have been considered in the mathematical literatnre, 
see 13, 0 0, g. 


Usnally, the fact that the theory is topological means that correlation fnnctions do not 
depend on the Riemannian metric of the fonr-manifold. In the same way one can easily 
check that the theory is topological with respect to the Spin'^-connection: the correlation 
fnnctions do not depend on the choice of the connection on the line bnndle L, bnt 
only on the topological class of the Spin^-strnctnre. To see this, notice that the Mathai- 
Qnillen formnlation of the model conpled to a Spin'^-strnctnre is almost identical to the 
one presented in section 1 of this Chapter, the only difference being that in the localizing 
gange fermion (|6.1.6|) we mnst consider instead the expression for the Dirac operator Dl 
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(including the connection 6^ on the determinant line bundle L). The Q-transformations 
of the helds in this off-shell formulation are the ones in (|6.1.4|) and do not depend on the 
connection on L. As the full Lagrangian is Q-exact, we have 


^ = {Q, ^ /x 


(6.4.75) 


This in turn guarantees that the twisted theory is independent of the choice of 6^. Notice 
that the metric (or Spin connection) and the Spin'^-connection enter the construction on 
the same footing. 

We have then seen that N = 2 QCD has the possibility of coupling the matter helds 
to Spin'^-structures once the adequate symmetry has been identihed. The gauging of the 
U{T)b current can be generalized to theories with more than one hypermultiplet. In this 
case there are Nf 17(1) symmetries that can be gauged, and this makes possible to consider 
Nf different Spin'^-structures, as it has been already noticed in [^. The analysis of the 
moduli problem associated to the equations (|6.4.74| ) is very similar to the one presented 
in the previous Chapter. The virtual dimension of the moduli space depends now on the 
hrst Chern class of L, and other features (like the orientability, the analysis of reducibles 
and the structure of the observables) are almost identical. The topological correlation 
functions are now asociated to the four-manifold X together with the topological class of 
the Spin'^-structure chosen to gauge the 17(1)^ symmetry. 








Chapter 7 

Exact results in = 1 and TQFT 


The main interest of having an equivalence between a moduli problem and a Topologi¬ 
cal Quantum Field Theory lies in the possible application of physical methods to obtain 
new mathematical results. As topological invariants are simply correlation functions of the 
twisted theory, one can try to compute these functions using techniques in Quantum Field 
Theory and then, under suitable modifications, extract the topological information. This 
line of work was successfully applied in two-dimensional gravity and Chern-Simons theory, 
but supersymmetric gauge theories remained rather elusive. This is because the compu¬ 
tation of the correlation functions involve a precise knowledge of the non-perturbative 
behaviour of the theory. For gauge theories in four dimensions, this behaviour is far from 
being completely understood. However, supersymmetric gauge theories offer a different 
situation. The extra (super)symmetry is such a powerful constraint that many exact re¬ 
sults can be obtained. Some of these results have been known for some time il. but 
the situation radically improved with the work of Seiberg on = 1 theories and Seiberg 
and Witten on = 2 theories. By now we know the exact low-energy superpotential of 
many N = 1 theories as well as their vacuum structure. We also know the exact low- 
energy effective action of a family of A^ = 2 QCD theories. These results are sufficient 
to make many predictions about the twisted theories that we have been discussing in 
previous Chapters, starting from the seminal work by Witten and Vafa and Witten in 
1131, |103| , p.l4| , |115|| . As the Topological Field Theories we have been studying are twisted 
versions of A^ = 2 supersymmetric theories, one can think that A^ = 1 theories are not 
relevant for this problem. However, as Witten showed in ||113|| for Donaldson-Witten the¬ 
ory, on Kahler manifolds one can break supersymmetry from N = 2 down to A^ = 1 in 
a topologically trivial way, and use non-perturbative results for N = 1 theories to obtain 
information about the topological correlation functions of the twisted theory. Although 
some of the ingredients in this N = 1 approach are not so clear in comparison to the 
N = 2 results (and this is perhaps the reason Witten calls it the “abstract” approach), in 
our opinion it is extremely illuminating to complement the “concrete” N = 2 approach 
with the N = 1 information. In this Chapter we develop the techniques to analyze twisted 
theories with non-perturbative A^ = 1 results. In section 1 we present a brief overview of 
non-perturbative results in A^ = 1 theories. In section 2 we apply these methods to an 
example which will be relevant in the analysis of the SU{2) monopole theory. In section 
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3, we introduce the special twisting one can perform in Kahler manifolds and analyze 
from this point of view the breaking of iV = 2 to = 1 in the case of the non-abelian 
monopole theory. Finally, in section 4 we use all this information to compute topological 
correlation functions for the SU{2) monopole theory. 


7.1 Exact results in N = 1 SUSY gauge theories 

We will begin considering a simple case, namely N = 1 supersymmetric Yang-Mills theory, 
where many of the relevant patterns already appear, and then we will present some general 
techniques that will be useful to analyze the SU{2) monopole theory. 

N = 1 super Yang-Mills with gauge group SU (iV) contains a gauge field A^ in the 
adjoint representation of the gauge group SU{N) and a gluino field A^, a Majorana spinor 
also in the adjoint representation. In iV = 1 superspace the action for this theory is given 
by: 

Sn=i = j d^x(feTi(w^W^) + j d^xd^eTriW’^Wa), (7.1.1) 

and in components it reads: 

5^=1 = I d^xTil^ - . (7.1.2) 

The U{1)ti symmetry of this theory is given by: 

A" ^ e*7A“, A“ ^ e-*7A". (7.1.3) 


This symmetry is anomalous in an instanton background. As the fermion is in the adjoint 
of SU{N), the anomaly is 2N and the ’t Hooft rule implies that the U{l)-ji is broken 
down to Z 2 V- Much of the knowledge of the vacuum structure of this theory comes from 
the computation of the Witten index Tr(—1)-^ [p.06|| . In this case, Tr(—1)'^ = N and this 


indicates that the theory has N vacua with a spontaneous breaking of the chiral symmetry 
( [f.l.3|) down to a Z 2 subgroup: 


A'^ 


-A" 


A 


-A 


(7.1.4) 


This symmetry breaking has two important features: hrst, the residual subgroup allows 
fermion masses. Second, it is dynamically generated by gluino condensation. In other 
words, the glueball superheld S = —Tr(HY) gets a VEV. This can be checked by instanton 
computations (see 0 and references therein). This theory also has a mass gap and it is 
believed to be conhning (in fact, evidence for these results have been obtained from the 
exact results for N = 2 supersymmetric Yang-Mills theory in |^). 

In general, non-perturbative results in supersymmetric theories have been obtained by 
direct dynamical computations or trying to find effective (Wilsonian) actions to describe 
the relevant, light degrees of freedom, once the heavy fields have been integrated out. A 
powerful method to obtain results on the vacuum structure for a wide class of theories has 
been developed by Seiberg and collaborators |^, 0,1^, (see also the reviews M, 
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5^), extending previous work along the lines of the effective action approach [jy . Seiberg’s 
idea is to exploit the symmetries of supersymmetric theories to constrain the effective 
superpotential, and in many cases one is able to hnd it exactly with some dynamical 
information. Let us briefly review the main points of this powerful method. We mainly 
follow 1^1 , where the general strategy is clearly formulated. 

Suppose we are given an iV = 1 supersymmetric gauge theory with gauge group G 
and matter superhelds (pi transforming in representations Ri of G. We suppose that the 
theory is asymptotically free and is characterized by a dynamical scale A. At the classical 
level, and with no tree-level superpotential, the ground states are determined by the 
vanishing of the D terms in the Lagrangian. This determines vacuum expectation values 
(VEVs) for the helds (pi which in general spontaneously break the gauge symmetry down 
to some subgroup of G. The conhguration space for these VEVs is called the classical 
moduli space (CMS) of the theory. It turns out that the light helds are given classically 
by the gauge invariant polynomials in the matter superhelds, obeying some classical 
constraint. These polynomials can be used as coordinates for the CMS. A good example 
of this construction is given by V = 1 QCD, analyzed in . 


In the quantum theory, the Wilsonian description by an ehective Lagrangian involves 
three ingredients: the light superhelds X^, the dynamical scale A and the couplings in 
the tree level superpotential: 

Wtree = J29rX^i^^)- ( 7 - 1 - 5 ) 


We want to compute the exact quantum ehective superpotential of this theory, Wes- The 
principles that one may use to obtain Wes are 0: 


1) Holomorphy: the ehective potential is a holomorphic function of the gauge invariant 
superhelds X^, the scale A and the coupling constants gr. 

2) Symmetries: apart form the explicit symmetries of the theory, we can use selection 
rules. These are obtained as follows: when = 0, the theory has in principle a larger 
global symmetry group H broken by the terms in ( |7.1.5[ ) . We can give quantum numbers 
to the coupling constants gr with respect to H such that the total Lagrangian (including 
( ff.l.SD ) is invariant under H. Then, the quantum ehective superpotential Wes is invariant 
under the combined H transformations of X^ and gr. 

3) Asymptotic behaviours: the analysis of Wes at various limiting behaviours (weak 
coupling, big masses, ...) give additional constraints that often completely determine Wes- 

In addition to these general principles, there are also specihc techniques that can be 
extremely useful to obtain the quantum superpotential. Among them the most useful to 
us will be the integrating in procedure |^, |^. The situation in which this technique 
applies is the following. Suppose that we are given an V = 1 supersymmetric theory 
with the above inputs, which will be called the “downstairs” theory, and that we know 
the effective superpotential for gr = 0, lTrf(X”,Arf). Consider now another theory, the 
“upstairs” theory, which differs from the downstairs theory only in that it contains an 
additional matter held 0 in a representation R of G. The upstairs theory has, apart 
from the gauge invariant polynomials X”, additional polynomials X” including the held 
(p. The integrating in procedure allows one to derive the ehective superpotential for the 
upstairs theory hlV(X'', X”, A) starting from the superpotential Wd{X^, Aa). The steps 
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are as follows: first of all, we consider the upstairs theory after turning on a tree level 
superpotential including all the “extra” polynomials X” with couplings Qr. In particular, 
we turn on a mass rh for <p. Then we assume two principles (which have been proved in 
many particular cases): 

1) Principle of linearity: it simply states that the full superpotential of the upstairs 
theory is given by 

Wf{X\X^,A,gr) = Iy.(X^X^A) + (7.1.6) 


2) Principle of simple thresholds: if we integrate out the helds X” from ( |7.1.6| ), we 
will obtain a theory closely related to the original downstairs theory, in the sense that the 
corresponding superpotential is given by 


Wi{X^,A,gr) = Wd{X^,A,)+Wj{X\A,g,), 


( 7 . 1 . 7 ) 


and the additional piece Wj is irrelevant from the RG point of view. In particular. 


IT/ —>• 0 for rh —^ cxo. (7.1.8) 

The principle states that the relation between the scales is given by 

Ay = (7.1.9) 

where rr^, n are the coefficients of the one-loop /3-function of the downstairs and upstairs 
theory, respectively, and fi is the index of the representation R of G. Of course, the 
relation between the scales is obtained by matching the corresponding running coupling 
constants at the scale rh. What the principle states is that this relation is exact and 
independent of all other couplings. 

Recall now that our unknown is Wu- The key point is to realize that Wi is a Legendre 
transform of W^, and then Wu can be obtained by an inverse Legendre transform. This 
is done as follows. Consider the auxiliary superpotential: 

Wu{X\X^,A,g,) = Wi{X\A,g,) -Y^gfXA (7.1.10) 

r 

By integrating out the gf^ we obtain the superpotential Wu- As it is clear from the 
above analysis, the only non-trivial step in this procedure is to hnd the additional piece 
Wj. In theories where the gauge invariants X” are quadratic in the held cf), the tree-level 
additional terms in ( [f.l.6|) are just mass terms, and the condition ( [f.l.8|) implies that 
Wi = 0. In more general theories, one must carefully analyze the theory along the lines 
explained before. In general, we can decompose Wi in two pieces: 


IR/ = hLtree,^ + IRa. (7.1.11) 

The hrst term in ([7.1.11|) appears when integrating (j) from IRree in ( |7.1.6D . The other 
piece is unknown, but in many cases it can be shown to be zero because of the symmetries. 

This ends our brief introduction to some non-perturbative methods in X = 1 theories. 
We have deliberately restricted ourselves to the techniques and principles that will be 
useful to us. In the next section we will apply these principles to determine the vacuum 
structure and pattern of chiral symmetry breaking of the X = 1 theory which is relevant 
to SU{2) monopoles. 
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7.2 Vacuum structure of broken N = 2 QCD with 

iV; = l 

The theory we will analyze in this section is an iV = 1 theory obtained from the soft 
breaking of an iV = 2 theory. The original N = 2 theory is the one we stndied in the pre¬ 
vious Chapter to formulate the non-abelian monopole theory in terms of a twisted theory, 
namely N = 2 QCD with Nj = 1. The gauge group is SU{2) and the hypermultiplet is in 
the fundamental representation. The soft breaking down to = 1 is achieved by adding 
a mass term for the chiral multiplet $ in (|3.1.5|) . In the next section we will explain 
why this perturbation is topologically trivial when the twisted theory is formulated on 
a Kahler manifold, and therefore the vacuum structure we will obtain is relevant to the 
analysis of SU{2) monopoles on Kahler manifolds. This analysis has been presented in 
0 , starting from results in [^, ^ . 

First of all, as in the = 1 pure Yang-Mills case, we will describe the U{1)ti symmetry 
of the theory. N = 2 supersymmetric QCD with gauge group SU{Nc) and Nf hypermul- 
tiplets in the fundamental representation of the gauge group has the U{1)ti symmetry 
described in ( |3.1.6| ) and ( |6.2.22|) : 


Wa — 

$ —>• e“^*'^<I>(e*'^6'), 






(7.2.12) 


In component helds the corresponding transformations can be read from (|3.1.13|) and 


-^ 1 , -^2 

B 


e-*^Ai, e-*^A2, 


qi 


0 e 




(7.2.13) 


This symmetry is anomalous because of instanton effects. The anomaly is 4A"c —2Y/ (2A"c 
from Ai and A 2 , which live in the adjoint representation of the gauge group, and 2 from 
each couple of fermions "0^, ipq in the hypermultiplet). In the case we are dealing with, 
namely = 2 and Nf = 1 (which gives the SU{2) monopole equations) the anomaly is 
6 and we should expect the Zg anomaly-free discrete subgroup: 


Ai, A2 

B 

V'g, 


e 3 Ai, e“ 

2f7r _ 

e 3 B, 

ITT ITT 

e^Uq, e 3 -05 


— \ 

3 Ao 


(7.2.14) 


However, since we are considering one hypermultiplet in the fundamental representation of 
SU{2), we must take into account that the quark Q and the antiquark Q live in isomorphic 
representations of the gauge group. Let’s explain this in some detail. If we denote by a 
the color index, we can dehne the helds: 


Ql = Qa, 

Qa {V‘2)abQbi 


(7.2.15) 
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where <72 is the Pauli matrix. If f/ G SU{2), as a 2 U*a 2 = U, the held Q\ transform also 
in the 2 . This is an explicit realization of the isomorphism 2 ~ 2 . We must also redehne 
the chiral superheld <h, which lives in the adjoint representation, in the following way: 


$ = (a2)^<h. 


(7.2.16) 


The new held <|) is a symmetric matrix because Tr$ = 0. The N = 2 coupling 
appearing in (|6.2.23|) is written in terms of the new variables as: 


1 

2 


{Ql^abQl + Ql^abQl)- 


(7.2.17) 


The N = 2 mass term for the matter helds involves the gauge invariant quantity X = 
QaQa, which in the new variables is written as: 


X = -tiQlQl-QlQl). 


(7.2.18) 


As a consequence of the isomorphism 2 ~ 2, there is a parity transformation which 
interchanges the quark and the antiquark: 

p:Q^^Q^. (7.2.19) 


As the term ( [f.2.17|) is invariant under (|7.2.19|) , this is a symmetry of iV = 2 QCD with 
massless matter helds. Notice however that the SU{2) singlet X changes its sign under 
( ff.2.191) , as it is obvious from (|7.2.18|) . Therefore the N = 2 mass term for the quark and 
the antiquark changes its sign accordingly. 

Another set of variables which is useful to take into account the p symmetry is the 
following: 


Q' = 



(7.2.20) 

The N = 2 coupling in these new variables reads as: 



(7.2.21) 

and the singlet X as: 


X = 2{Q\Ql-Q\Ql). 

(7.2.22) 


The parity symmetry in terms of these variables is 






(7.2.23) 


Using the variables dehned in ( [f.2.20|) it is easy to see that the havour symmetry for 
N = 2 QCD with gauge group SU{2) and Nf hypermultiplets is 0{2Nf). 

The parity symmetry is anomalous, as can be seen from the’t Hooft interaction term: 

'Ip'^'lpqa = (7.2.24) 
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Here, ^jJ^ and "0^ are the fermion components of and Q^, respectively. Nevertheless, 
one can combine the p symmetry with the square root of Zg in (|7.2.14|) to obtain an 
anomaly-free Z 12 subgroup. 

This analysis has been done for the N = 2 theory, but we must consider this theory 
perturbed by a mass term for $ and broken down to iV = 1. This mass term has the 
form, in = 1 superspace, 

m J d^xd^eWi^^) + h.c.. (7.2.25) 


Notice that the mass term for the $ field breaks the second transformation in (|7.2.12|) 
due to the presence of the fermionic helds A 2 . Thus under the new U{1)ti symmetry we 
must have: 

$—^e-*'^<l'(e*'^0), (7.2.26) 


and this in turn imposes, because of the superpotential term, the following transformation 
for the matter helds: 


Q —^ (7.2.27) 


Rescaling the charges to make them integers, we have the following U{l)-ji symmetry for 
the perturbed theory in terms of components helds: 


Ai, B —^ e-2*^Ai, e-2*^R, 
q, q —^ e-^'^q, 

(7.2.28) 


The anomaly-free discrete subgroup of the transformations (|7.2.28|) is Zg. However, 
one must take into account the p symmetry ( 7.2.19 ), as the addition of the mass term 
for $ doesn’t break it. Again, we have an enhancement of the discrete symmetry to Z 12 . 
The resulting transformations are: 


Ai 


e-^*/^Ai, B —^ 

e-W6^2^ g2 ^ 

e”/V, 


(7.2.29) 


These transformations leave invariant the’t Hooft term {XiY'ipq'ipq. 

The question now is: is there additional breaking of the 17(l)7^ symmetry in this 
theory? To answer this question, we will obtain its exact superpotential following the 
techniques presented in section 1. More precisely, we will use the integrating in procedure. 
In our case we can take as the downstairs theory the SU{2), N = 1 theory with a quark 
and an antiquark, whose exact superpotential is known , and as the additional held 

for the upstairs theory the chiral superheld in the adjoint representation, $. To “integrate 
in” the held $ we must consider the gauge-invariant polynomials including it (the helds 
X” in the previous section), which in our case are simply: 

U = Tr$^ Z = V2Q^Q, 


(7.2.30) 
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and we must turn on a tree-level superpotential: 


Wtiee = 'mU -|- XZ. 


(7.2.31) 


The scales of the downstairs theory and A of the upstairs theory with the mass term 


in (|7.1.5|) are related according to the principle of simple thresholds: 


a!) = 


(7.2.32) 


(Recall that, in an 77 = 1 gauge theory with gauge group Nc and Nf hypermultiplets 
in the fundamental representation, n = “iNc — Nf, and a matter held in the adjoint 
representation has index /i = 2Nc and contributes —fi/2 to n). The 1/4 in ( |7.2.32| ) is 
introduced to match the normalizations in [Q. The full superpotential of the upstairs 
theory with the additional tree-level term (f7.2.31|) is given by the principle of linearity 

(EH): 

W,(X, U, Z, A^ m, A) = U, Z, A’) + mU + \Z, (7.2.33) 

where X is the gauge-invariant polynomial of the downstairs theory, X = QQ, and Wu is 
the exact superpotential of the upstairs theory we are looking for. If we integrate out the 
held 4) and, correspondingly, the helds U, Z, we obtain the superpotential (|7.1.7|) in this 
case: 

Wi{X, m, A) = W,{X, A^) + Wi{X, A^, m. A). (7.2.34) 

In this equation, Wd is the dynamically generated superpotential of the downstairs theory 
and is given by [p], 

Wi{X,k\) = ‘A, (7,2.35) 

Wj must be determined using the symmetries of the problem and can be split as in 
([f.l.lll). The hrst contribution to this piece comes from integrating out $ from ITtree- In 


this case the result is 61 


hhtree.d — “ 


4m 




(7.2.36) 


The upstairs theory has two non-anomalous symmetries which can be used to constrain 
the form of Wj, following the methods of [^. The hrst one is a U{1) symmetry under 
which Q, Q, $, m and A have charges 2, 2, —1, 2 and —3, respectively. The other one 
is a U{1)ti symmetry with charges 1, 1, —1, 0 and —3. Invariance of the superpotential 
under these symmetries as well as holomorphy determine the form of Wj to be: 


Wi = 


X^A^ /AWa 


m 


•^Vx^A^/’-^ 


(7.2.37) 


where f{u) = is an analytic function. Notice that the hrst term of this ex¬ 

pansion corresponds to ITtree,d- Now, in the m —a cx) limit, only Wd survives, and this 
implies that the coefficients a„ in the expansion of f{u) must be zero for n > 0. Therefore 
Wj = ITtree.d and the superpotential (|7.2.34|) is given by: 


Wi{X, A^ m. A) = —— - ^X 


4X 


4m 


(7.2.38) 
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To perform the inverse Legendre transform, we introduce the auxiliary superpotential 
( ff.l.lOl) , which in this case reads: 


Wn = Wi{X,A^,m,X) -mU - XZ. 

If we integrate out m and A, we obtain the following expectation values: 


m = 


2XU 


(1 


— ) 

X^UU' 


X = 


AZU / 


XA3 




X‘^UU‘ 


(7.2.39) 


(7.2.40) 


and substituting these values in (|7.2.39|) one gets the superpotential of the upstairs theory 

0: 


W„,= 


XU^ 


( 1 - 




(7.2.41) 


Now we want to obtain the vacua of the N = 2 theory perturbed by the = 1 mass term 
for $. Because of the principle of linearity, the superpotential of this theory is given by 
( [f.2.41|) plus (|7.1.5|) with A = 1 because of the N = 2 supersymmetry (we follow now the 
conventions in p6|): 

XClU Z^ 2 

W = - ^(l-^) +mU + Z. (7.2.42) 


A3 


The equation dW/dX = 0 gives 


XW 


1 

3’ 


which together with dW/dZ = 0 gives 

U^ = 


27 


256 


A^ 


(7.2.43) 


(7.2.44) 


This theory has therefore three vacua, corresponding to the three roots of this equation. 
As we will see in the next Chapter, this is in agreement with the results obtained from 
the N = 2 point of view. Finally, we have VEVs for the field X in these vacua given by 
the roots of: 

^ “ (7.2.45) 


= —m^Al 
2 


Clearly, these non-zero VEVs spontaneously break the chiral symmetry in ( |7.2.29|) , as it 
happens in JI|. The subgroup of Z 12 which preserves the VEV of these gauge-invariant 
order parameters is easily obtained: 


Ai 


-iq^, 

',2 


B 


i'lp , ip 


-B, 

->■ —iq^ 
iip^. 


(7.2.46) 


The residual chiral symmetry is in this case Z4. This is precisely the maximal subgroup 
of (|7.2.29| ) which allows fermion masses for Ai and for (recall that, according to 

( [7.2.18|) , the mass term for the matter fields changes its sign under the parity symmetry). 
There are two comments about this result that are worth mentioning. First, general 

























104 


CHAPTER 7. EXACT RESULTS IN N = 1 AND TQET 


arguments suggest that the above vacua, where the gauge-invariant held U is locked 
at some hxed values, are in a conhnig phase. We will have additional support for this in 
the next Chapter. The important point is that these vacua present a mass gap. Second, 


the spontaneous chiral symmetry breaking in (|7.2.46|) can also be associated to gluino 
condensation, as in the pure N = 1 Yang-Mills case. The gluino condensate can be 
computed in many ways. We can use the general expression given in to obtain: 


ndW 2 


(7.2.47) 


As a matter of fact, one can check with the above VEVs the Konishi anomaly in this 
model: 

4 ^ = 2mU + Z. ( 7 . 2 . 48 ) 

Therefore, the gluino condensate is an order parameter for conhnement, as it happens in 
N = 1 supersymmetric Yang-Mills. 

The N = 2 theory with one hypermultiplet and perturbed by the mass term for $ has 
an additional Z 4 symmetry given by: 

A 2 —> —A 2 , B —> —B, 
q^ —^ 

- 0 ^ —»■ ( 7 . 2 . 49 ) 

which is non anomalous. In terms of Y = 1 superhelds, this symmetry corresponds to 


$ 


-4), 


(7.2.50) 


Notice that the diagonal in the product of the discrete symmetries ( [f.2.46|) , (|7.2.49|) , 
Z4 X Z 4 , is precisely the fermion number (—1)'^. 

We should also point out that the above superpotential is only valid for the conhning 
phase, once the mass term for the chiral multiplet 4) has been added. When m = 0 
the theory is in the Coulomb phase and the results obtained for the VEVs are no longer 
valid, as it has been emphasized in In the Coulomb phase there are additional 


masless degrees of freedom that are not taken into account in the conhning superpotential 
description. This will be important to understand the cosmic string theory on Kahler 
manifolds. 


7.3 Twist on Kahler manifolds 


In [[I13|| , Witten showed that on a four-dimensional Kahler manifold the twisting procedure 
has an important property: the topological charge Q can be decomposed in two pieces, and 
both of them can be regarded as topological symmetries. If we recall that Q corresponds to 
a differential operator on the conhguration space, this decomposition is related to the fact 
that, when the manifold is Kahler, the conhguration space is Kahler too (as we mentioned 
in Chapter 1 in relation to Donaldson theory). Then one can decompose the de Rham 
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operator in two Dolbeault operators. From the physical point of view, the decomposition 
corresponds to two different N = 1 subalgebras in the N = 2 algebra. This indicates that 
one can provide N = 1 supersymmetry with a topological interpretation, and this will 
imply, as we will see, that terms softly breaking N = 2 down to iV = 1 supersymmetry 
are topologically trivial with respect to one of the new topological symmetries. Work on 


Donaldson-Witten theory on Kahler manifolds can be found in | 8 ^, and a detailed 
analysis of Witten’s construction for pure N = 2 Yang-Mills theory has been done in . 

Let us explain the basic points of the construction in ||113|| , and extend it to the 
Nf = 1 theory. When the metric on the four-manifold X is Kahler the global holonomy 
group SU{2)l X SU{2)r becomes U{1)l x SU{2)ji, U{1 )l being a subgroup of SU{2)l. 
The two dimensional representation of SU{2)l decomposes under U{1)l as a sum of one 
dimensional representations. This means that the components Mi and M 2 of a spinor 
transform in dehnite representations of U{1)l with opposite charges. In other words, 

® E has a decomposition into ® E) ® 0 E\ where K is the canonical 

bundle. This is the same fact we took into account to analyze the non-abelian monopole 
equations on Kahler manifolds (of course, we are assuming that X is Spin, and then 
exists). The complex structure on X allows to have well dehned complex forms of type 
{p,q). We dehne this complex structure stating the following assignment: 


\^m) Id 


dx^‘ 


(0-m)2a dx^, 


type ( 1 , 0 ), 
type ( 0 , 1 ). 


(7.3.51) 


This implies that {amn)ap dx^ A dx"^ can be regarded as a (2, 0) form when a = /3 = 1, as 
(0, 2) form when a = f3 = 2, and as a (1,1) form when a = 1, (3 = 2. 

Let us recall that in the process of twisting the BRST operator Q was obtained from the 
supersymmetric charge Qia after identifying Qi^ —Qpa and then performing the sum 
Q = Qi^+Q 2 ^- In the Kahler case, each of the components, Qi^ and transforms under 
dehnite U{1)l representations and therefore one can dehne two BRST charges Qi = Qi^ 
and Q 2 = . Of course, from the supersymmetry algebra follows that Ql = 0 and 

Q 2 = 0. Furthermore, from their construction: Q = Qi + Q 2 . The action of each of these 
two operators on the helds is easily obtained from the supersymmetry transformations. 
One just have to set = 0 and, for Qi and r/" = 0, while, for Q 2 , P 2 — ^ and 

Vi = . From the point of view of iV = 2 superspace the operators Qi and Q 2 can 

be regarded as a specihc derivative respect to some of the 0’s. In the formulation of the 
theory on iV = 1 superspace the operators Q 12 can be identihed as the derivative respect 
to 01 ^ 2 - This observation will be very helpful in proving the invariance under Q 12 of the 
twisted theories. 

On a Kahler manifold each of the helds on the right hand side of ( |3.1.13|) splits into 
helds which can be thought as components of forms of type (p, q). For the matter helds 
on the right hand side of (|6.2.26| ) one just has the standard decomposition of 0 E into 
(K^/^ 0 77) © 0 E). For example for the held Ma one has: 

M„ ^ Ml e F(iF02®E), M 2 e F(iF-O2 0^), 

M“ ^M^eT{K-^/‘^(^E), M^ G F(R:i/2 OE). 


(7.3.52) 
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A similar decomposition holds for the rest of the helds in r{S^ ® E) on the right hand 
side of (|6.2.26|) . Notice that the product of an element of <S) E) times an element of 

E) is a gauge invariant form of type (2, 0). From the identihcations in ( |6.2.26| ) 
and ( p.2.21|) follows that the hrst component of QQ, i.e., QQ\ = q^^qi = M^Mi is a 
(2, 0) form. Therefore, superpotentials of the form QQ, or Q^Q as the one in (|6.2.23|) 
can be regarded as (2, 0)-forms. This is consistent with the observation made in ||113|, pi[| 


that superpotential terms of a twisted theory on a Kahler manifold must transform as 
(2, 0)-forms. This requirement guarantees that the terms in the Lagrangian are scalars 
after the twisting. 

Since the twisted theory obtained from (|3.1.7|) and (|6.2.23|) and the topological theory 
( p.2.28|) are equivalent on-shell, we will work out the on-shell Qi-transformations for this 
case. For the twisted helds in the N = 2 vector multiplet they turn out to be: 

— In — 7202 

I = _ _ 

+ i{F^^ + i{M{T<^M2 + M 2 T-M 1 )) 

} = 0 , 

= 2y^iT“Mi, 

= —i\/2F^, 

(7.3.53) 

where we have used that the generators of the gauge group are normalized in such a way 
that Tr(T“T^) = <5“^. For the matter helds one hnds: 


(7.3.54) 


[Qi, Ala] 

= 'Ipla, 

[Qi,A] 

[Ql, A2a] 

= 0, 


{Ql5 '4^1a} 

= 0, 

{Ql, + % 

{Ql,'02a} 

= D2a4>^ 


[Qi,0] 

= 0, 

(Ql, X 22 } 


[Qi,Mi] 

= 0 , 

[Qi,Mi] 

= 0 , 

[Qi,M2] 

= h2. 

[Qi,M2] 

= h2. 

{Ql, hi} 

= —i(j)Mi, 

{Ql, hi} 

= iMicj), 

{Ql, T 2 } 

= 0, 

{Ql, h2} 

= 0, 

{Quv°‘} 

= -2iD^^Mi, 

{Ql, ^q} 

= -2iDiaM^ 


The (52-transformations are easily computed from (|7.3.53|) , (|7.3.54|) and (|6.2.27|) after 
using Q = Qi + Q 2 . They read, for the N = 2 vector multiplet: 


[Q2, Ala] 

= 0, 

[Q2, A] 

= b + ^% 

[Q2, A2a] 

= 026 , 


= 0 , 

{Q2, ^la} 


W2,p“ + ^} 

= ^[A, 0 ]“ 

- *(Fi“+ + ^(MiT“M2 + M2T“Mi)), 

{Q2, V'2q} 

= 0, 

{Q2, Xii} 

= -tV2FQ„ 

[Q2, 0 ] 

= 0, 

{Q2, X22} 

= 2Vm2T^M2, 


and for the matter hypermultiplet. 


(7.3.55) 


[Q2,Mi] 

= hi. 

[Q2,Mi] 

~ hi. 

[Q2,M2] 

= 0, 

[Q2,M2] 

= 0, 

{Q 2 , h^} 

= 0, 

{Q2,hl} 

= 0^ 

{Q 2 , h 2 } 

= -i(pM2, 

{Q2,h2} 

= iM2(j), 

{Q2,V^} 

= -2iD^^M2, 

{Q2,Fa} 

= -2iD2aM‘^ 


(7.3.56) 
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It is straightforward to verify that indeed Ql = Q 2 = 0 on-shell after working out the 
transformations of the different components of Fi- For Qi we have, 


[Qi, F+] = [Qi, F+] = [Qi, F+] = 0. 


and for Q 2 , 


(7.3.57) 


[Q 2 , F+] = 0, [Q 2 , F+] = -D^^iJ2^ [Q 2 , ^2^] = 


(7.3.58) 


The action S in ( |6.2.28|) is invariant under both, Qi and Q 2 symmetries. This can be 
verihed explicitly or just using the following argument based on iV = 1 superspace. On 
the one hand, the topological action ( |6.2.28|) can be regarded as a twisted version of the 
sum of the iV = 1 superspace actions (|3.1.7|) and (|6.2.23|) . On the other hand, the Qi ^2 
operators are equivalent to a 2 -derivative. Acting with this derivative on (|3.1.7|) and 
( |6.2.23|) one gets zero: for the terms involving chiral helds one ends with two many 6- 
derivatives, while for the other terms one just gets a total derivative after using the fact 
that [DayD"^] = idaaD^■ 

It is often convenient to regard the the observables /(S) in ( 6.1.14|) in terms of the 
Poincare dual of the homology cycle S: 


/(S) = / A [S], 

Jt, Jx 


(7.3.59) 


where [S] denotes the Poincare dual. On Kahler manifolds, /(F) can be decomposed in 
three different types of operators depending on which holomorphic part of is taken 
into account. If only the (p, q) part (p -|- g = 2) of is considered we will denote the 
corresponding operator by For example, for the (2,0) part (which is SD): 


n"(E) = Tl^eTr(4>F^\ - 


(7.3.60) 


where we have denoted by S 22 the (0, 2) part of E. Notice the following: the (2, 0) part 
of the two-form observable only includes the conjugate of the fermionic held A 2 in the 
N = 1 multiplet <h. In the same way, the (0, 2) part only includes the conjugate of the 
N = 1 gluino held Ai in the vector superheld Wa, and the (1,1) part includes the wedge 
product of both helds. 


One of the main ingredients in the analysis made by Witten in ||113|| is the existence of 
a perturbation of the twisted N = 2 Yang-Mills theory on Kahler manifolds which while 
preserving the topological character of the twisted theory it allows to regard the theory 
from an untwisted point of view as an Y = 1 supersymmetric theory. Witten achieved this 
by demonstrating that on a Kahler manifold it is possible to add an Y = 1 supersymmetric 
mass-like term for the chiral superheld $ while keeping the topological character of the 
theory. We will show that this is also possible for the Topological Quantum Field Theory 
which describes non-abelian monopoles. Notice that, as we need the superpotentials to 
transform as (2, 0)-forms, to generate a mass term for $ we must pick a holomorphic 
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(2, 0)-form on X. This is not always possible on an arbitrary Kahler manifold, but we 
will assume 6 ^ > 1. On a Kahler manifold, + 1, and this condition guarantees 

that H‘^'^{X) 7 ^ 0 and hence that such a form exists. Recall that, as we showed in Chapter 
4, for SU{2) monopoles in the fundamental representation, 6 ^ > 1 implies that there are 
no reducible solutions in the moduli space AIna- This is then a natural requirement 
from the point of view of the moduli problem and the computation of the corresponding 
invariants. 

Let us consider a holomorphic (2, 0) form u on X. Its only non-vanishing component 
is: 

0^11 = (7.3.61) 


We will denote the unique non-vanishing component of the (0, 2) form a;, conjugate to u, 
by UJ 22 ( W 22 = (<A’ii)*) 


Following ||113|| we begin making a perturbation of the action S in ( |6.2.28| ) by adding 
a term of the form, 

I(UJ)= [ AuJ, (7.3.62) 

Jx 

where I(uJ) is the observable dehned in (|6.1.14|) , but without the l/( 47 r^) factor. Using 
the (52-transformations (|7.3.55|) and ([7.3.56), this term can be written as: 


~ eu22TT{iiiai>i) + {Q 2 , J d^xeuj22TT{(j)Xn)}- (7.3.63) 


The hrst part of this term indicates some progress towards the construction of an = 1 
mass-like term. However, (|7.3.63|) is not invariant under Q 2 . Contrary to the case of the 
theory without matter helds this term is not even ( 52 -invariant on-shell. One can remedy 
this problem if instead of introducing I(cJ) one considers: 


I(cj) = I(u) + 2i [ d‘^xeu!22Mi(j)Mi. (7.3.64) 

Jx 

Indeed, {Q 2 ,1 (iF)} turns out to be proportional to the held equation resulting after making 
a variation respect to in the twisted action S in (|6.2.28|) . 

The term I{uJ) implies further progress towards the perturbation by an = 1 super- 
symmetric mass term. Notice that from an A^ = 1 superspace point of view we intend to 
obtain a term like (|7.2.25|) . This type of term, added to a theory which already has the 
last two terms in (|6.2.23|) , leads, when written in component helds, to the mass terms for 
the 77 = 1 superheld: 

mmBB^ + i^/2mBM^M2 - iV2mB^JL^Mi + mX2°\2a - (7.3.65) 

that includes terms like the one added to I{uJ) in ([7.3.64]) . 

To make further progress in the perturbation towards an 77 = 1 supersymmetric mass 
term while maintaining the Q 2 symmetry we will modify the ( 52 -transformation of X 22 in 
the following way: 

{Q 2 .X 22 ] {Q'2.X22] = 2v^(M2T“M2 + *07220“), 


(7.3.66) 


























7.3. TWIST ON KAHLER MANIFOLDS 


109 


while for the rest of the helds the action of Q 2 remains the same. Notice that still one 
has (< 52 )^ = 0 on-shell. 

Under Q 2 the action S is not invariant. However, one can verify that now the perturbed 
action S +1(uJ) is invariant and does not close on a held equation as before. On the other 
hand, adding a Q 2 -exact term will keep the Q 2 -invanance of the theory. It is rather 
remarkable that adding just the term, 

2\^^Q2, j d*xeuiiTT{Xx22)'\, (7.3.67) 

one hnds that the perturbed action is just the action S plus an = 1 supersymmetric 
mass term for the chiral superheld $: 


S -I- I{uj) + {Q 2 ,...} 

= S + J^d^x e(4uiiTT{{^ri + i^)^) - W22Tr(^?/>iiV’"i)) 

/ (i'^a:ea;iia;22Tr(A0) 

2 Jx 

f d X €{^8uJi-iM 2 XAI 2 2iuj22NIi^pAlA. 

Jx 


(7.3.68) 


This perturbation of the action S contains all the terms present in the iV = 1 supersym¬ 
metric mass term ( |7.2.25|) after setting ujn = im/A and writing the twisted helds in terms 
of the untwisted ones, using (|3.1.13|) and (P.1.14|) . For the matter helds one can read their 
untwisted counterparts from ( p.2.26|) . 

Our analysis implies that if one denotes correlation functions of observables in the 
twisted theory by (Hi ■ ■ ■ H„), and in the perturbed theory by (Hi ■ ■ ■ H„)i, the relation 
between them is: 

(7.3.69) 


(Hi ■ ■ ■ H„)i — (Hi ■ ■ ■ H„e‘^*'‘^^) 


As argued in ||113|| , given some homology cycles S, it can be assumed that near their 
intersection they look like holomorphically embedded Riemann surfaces. This means that 
actually the only relevant part of the two-form operators entering ( 7.3. 69| ) are of type 
(1,1). Precisely those are the two-form operators invariant under Q' 2 . As the zero-form 
observables in ( |7.3.69|) are also invariant under Q '2 one can regard the right hand side of 
( [f.3.69|) as a topological quantum held theory whose BRST operator is Q '2 and its action 
is S' -|- J (oJ). 

The ehect of an extra term / (uJ) in the action of Donaldson-Witten theory was studied 
by Witten in ||113|| . He showed that its ehect on correlators of observables can be described 


as a shift on the parameters corresponding to the observables containing two-form oper¬ 
ators. We will hnish this section showing that the relevant contribution from I(uJ) in 
( [7.3.69|) and from I(uJ) in the case of Donaldson-Witten theory is the same. Therefore, in 
our theory the ehect of the presence of I(cJ) in ([7.3.69 ) is also a shift in those parameters. 

The quantity I(lJ) can be written as, 

J» = J^d^xeU22(r(J^i\^ + 2 zM,T^M,) - 


Xim 1 


'X 


d^x e U 22 (Tr({Q, 


(7.3.70) 



























110 


CHAPTER 7. EXACT RESULTS IN N = 1 AND TQET 


after using (|6.2.27|) . As Q is still a topological symmetry of the theory, and the observables 
are Q-invariant, this means that the vacuum expectation values on the right hand side of 
( [7.3.69D can be written as 

{Ai---Ay^^^). (7.3.71) 


where, 

J(aJ) = eoJ22TT{^ia'ipC)- (7.3.72) 

This is precisely the same expression that one obtains in the case of Donaldson-Witten 
theory. Notice that in that case F,\ is Q-exact and one has the same Q-transformations 
as in our theory for the held 

Another argument to show that the presence of the term involving the massive helds 
in I{UJ) is irrelevant is just to point out that the contributions from the functional integral 
on the right hand side of ( |7.3.69| ) are localized on conhgurations satisfying the non-abelian 
monopole equations. As shown in Chapter 4, the (2, 0) part of those equations implies 
MiTMi = 0. This can be also seen from Witten’s hxed point theorem for the Qi ^2 
transformations: a BRST invariant conhguration for the Qi topological symmetry has a 
vanishing {Qi,Xn} ~ MiTMi. 


7.4 The polynomial invariants in the Kahler case 


In this section we compute the topological invariants corresponding to SU{2) monopoles 
on Kahler, Spin manifolds, following the abstract approach introduced by Witten in ||113| 


and further developed in |103|. The strategy is the following: in the previous section, we 


showed that the correlation functions in the twisted theory can be computed in terms 
of the theory perturbed by a mass term (see (|7.3.69| ) and the following discussion). The 
vacuum structure of this theory was analyzed in section 2, and we determined the pattern 
of chiral symmetry breaking. We also deduced that the vacua have a mass gap and gluino 
condensation. The main assumption we will make is that this vacuum structure is the 
same on any manifold, in other words, that it doesn’t depend on global features of the 
space-time and coincides with the one we obtained before. With this assumption, we 
can use two properties of the theory under consideration to constrain the form of the 
correlation functions and determine them up to some universal constants ||113|| . These 
properties are the mass gap and the topological invariance (more precisely, invariance 
under rescalings of the metric). This can be regarded as a generalization of the properties 
of correlation functions in supersymmetric gauge theories, leading to clustering ||^. There 
are of course some subtleties due to the structure of the mass perturbation on a Kahler 
manifold, and we will consider them later. 

The clustering property and the invariance under rescaling imply that the correlation 
functions have the form: 


(exp(X!«a/(Sa) +/iO)) + l{p\0\p)). 


(7.4.73) 


In this expression the sum is over the three vacua \p), associated to the three roots of 
([7. 2. 441), and labeled by the index p = 1,2,3] v = J2a «apa], where [S^] is the cohomology 
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class Poincare dual to and v'^ = J2a,b where jl(SanSft) is the intersection 

number of and Tn,. The constant Cp is the partition function in the p vacuum. For the 
partition function, again the mass gap and the invariance under rescalings imply that it 
must be a combination of topological invariants of the four-manifold that can be written 
in terms of the integral of a local density. The only such invariants are the signature and 
the Euler characteristic, and then we have: 


Cp = exp(apX + bpa). 


(7.4.74) 


The constants which appear in ( [f.4.73|) are not independent because the theory has a Z 3 
broken symmetry which relates the three vacua and is given by (|7.2.29|) . First let us work 
out the relation between the Cp. As these constants are given by the partition function of 
the theory at different vacua, and the vacua are related by a non-anomalous symmetry, 
one should think that they are equal. But actually, as we are working now on a curved 
four-manifold, the anomalies have gravitational contributions which were not taken into 
account in section 1 (where X = R^), and the path integral measure does change. We 
must take into account also the new geometrical content of the helds after twisting. The 
held Ai contains a ( 2 , 0 )-form part, a (1,1) part and a scalar part, and couples to A (a 
(0, l)-form) through a twisted Dirac operator which is the adjoint of the 

operator: 


d\®dA-. D'’°(Endo(T)) ^ D°(Endo(^)) © D2’°(Endo(T)), 


(7.4.75) 


This is nothing but the complex conjugate of the deformation complex ( p.3.55|) , and its 
index (equal to —index is given by half the dimension of Af asd- This simply 

follows from the fact that, as we saw in Chapter 1, section 3, this complex is isomorphic to 
the ASD complex as a real complex. Therefore the anomaly due to the hrst transformation 
in dATH) is: 

Tr o r , ^ ^ y \ “I 

(7.4.76) 


ef{4fc-|(x+©}_ 


We must take into account also the transformation of the matter fermions. After twisting 
they are spinors, and we have the correspondence 'ipq ^ L) i’q ^ L (see (|6.2.26|) ). Notice 


that, due to the p symmetry in ( [7.2. 19 ), there is an additional contribution to the anomaly 
coming from this transformation, as we saw in ( |7.2.24| ). Now we must also compute the 
gravitational part and obtain the total anomaly (a similar problem is addressed in section 
4.4 of ||115|| ). The path integral measure for the twisted matter fermions can be written 
as: 

W_dpidpiW_dvjdvj, (7.4.77) 


where the index I = 1, • • •, i/_|_ refers to the /i" zero modes (of positive chirality) and the 
index J = 1, • • •, z/_ to the Va zero modes (of negative chirality). Under the transformation 
in (|7.2.29|) , the measure (|7.4.77|) transforms as: 


- 1 ) 


^++^-e-f2(fc+f) _ U+f), 


(7.4.78) 
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where we have taken into acconnt that z/+ — = index D = —k — cr/4, according to 

( ^■2.23|) . Putting together both factors we obtain: 


(- 1 ) 


A —Ulr 

^e 12 


(7.4.79) 


where the integer A was introduced in ( p.l.lSj) and we have used that cr = 0 mod 8. 
Notice that the k dependence has dropped out, because the symmetry in (|7.2.29| ) is 
not anomalous under Yang-Mills instantons, and (|7.4.79|) contains only the gravitational 
contribution to the anomaly. The result, in terms of the constants Cp, is: 


6-2 = (-1) Cg = e-T-Ci. 


(7.4.80) 


We would also like to relate the constants 7 p and the expectation values {p\0\p) in 
( [7.4. 73 ) for the different vacua. This is easily done by taking into account the transfor¬ 
mations of the corresponding observables under the symmetry ([7.2.29|) . As is argued in 
113|| , for the observables HE) on a Kahler manifold one need consider only the (1,1) part. 


This part transforms under (|7.2.29|) as B\ because its fermionic part includes the wedge 

__ 2 _ _ 

product of A and A . If we call a the generator of the discrete symmetry in (|7.2.29|) in 

the operator formalism, one hnds the following relations: 


Hp) — IP+1)) P=1 3, 

aOa-^ = e^O, a/'’^(S)a-^ = e'^A'(S), 


which lead to: 


72 = e 3 -yg = e 3 -yg, 

{2\0\2) = e-¥(i|(7|l), (3|(P|3) = 0-^^(11011). 


(7.4.81) 


(7.4.82) 


With these relations we have determined completely the bulk structure of the vacua, 
which comes from the underlying N = 1 theory. 

One has to take into account however that the mass perturbation which gives this 
theory was done with a (2, 0) holomorphic form uj, and the mass will vanish when this 
form does. One must then be careful because the assumption of a mass gap fails on the 
vanishing locus. In general, u vanishes on a divisor C representing the canonical class of 
X. The simplest case is the one in which C* is a union of disjoint Riemann surfaces Cy of 
multiplicity Vy = 1 (he., uj has simple zeroes along this components), and therefore the 
canonical divisor of X can be written as. 


Ci(A') = 


(7.4.83) 


What are the consequences of this fact? When the mass m vanishes, one doesn’t expect 
the vacuum structure to be given by the superpotential (|7.2.42|) , for the untwisted physical 
theory is in the Coulomb phase and one has additional massless degrees of freedom. As 
discussed in ||113| , [103|| , near the surfaces Cy, these additional degrees of freedom are 
described by an effective two-dimensional theory (the cosmic string theory), and the 
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vacuum structure along these surfaces has additional symmetry breaking. The cosmic 
string theory has a chiral masslees fermion coming from the held A 2 of the underlying 
perturbed N = 2 theory. We then expect, as in ||113|| , dynamical breaking of the Z 4 
symmetry given in (|7.2.49|) , in such a way that the diagonal (— 1 )^ C Z4 x Z4 is left 
unbroken. In principle, the new pattern of symmetry breaking produces four cosmic string 
vacua associated to Z 4 . However, both the cosmic string theory and the observables of 
the microscopic theory depend solely on the helds coming from the Yang-Mills multiplet, 
and the restriction of Z 4 to this subset of helds is a Z 2 symmetry, giving then the pattern 
of symmetry breaking analyzed in ||113|, |103||. We will assume that along the worldsheets 


of the strings Cy each bulk vacuum bifurcates according the dynamical breaking of A 2 — 
—A 2 . One may include the four vacua associated to Z 4 , but as it will become clear in our 
computation, this just gives a global factor in the correlation functions. 

As we will see, this assumption on the vacuum structure is the most natural one 
from several points of view. First of all, the contributions from the new vacua cooperate 
with the bulk structure in such a way that the resulting expression has the adequate 
properties. Second, with this assumption, the hnal expression can be naturally understood 
as a consequence of electric-magnetic duality of the underlying N = 2 theory, as we will 
see in the next Chapter. 

Let us briefly explain, following ing. what is the effect of the new vacua in the 
computation of the correlation functions. Each bulk vacuum \p) leads to two vacua of 
the cosmic string theory |p-|-), \p—), which are related by the broken symmetry a^. The 
surfaces Cy give new contributions to the correlation functions through their intersection 
with the surfaces Sa. The observables /(Eq) will be described by jl(Ea fl Cy)Vy, where Vy 
is the insertion of a cosmic string operator V on Cy which has the same quantum numbers 
of From (|7.2.29|) follows that it transforms under as: 


aVa-3 = -Y. 


(7.4.84) 


Now, for a given bulk vacuum \p) we must take into account its bifurcation along the 
diferent surfaces Cy, and compute the vacuum expectation values of exp(X]a cta-^(Ea))- 


The result is [11311: 


n (exp(0y(p+ \ V\p+)) + tyexp{-(py{p + [171/)+))). 


(7.4.85) 


In this expression, (j)y = X[a Q:atj(Ea FlCy) and the factor ty is similar to (|7.4.79|) and comes 
from an anomaly in the two-dimensional effective theory. It is given by: 

(,= (-l)‘', (7.4.86) 

where is 0 (1) if the Spin bundle of Cy is even (odd). The ey verify ||113|| : 

A + ^ej, = 0 mod 2. (7.4.87) 


At this point we have all the information that we need to compute the polynomial 
invariants for SU{2) monopoles on Kahler, Spin four-manifolds. Notice that the result 



























114 


CHAPTER 7. EXACT RESULTS IN N = 1 AND TQET 


will involve unknown constants which should be hxed by comparing to mathematical 
computations of these invariants. These constants are universal, in the sense that they 
depend only on the dynamics of the physical theory (as shown in ||113|| ) and not on the 
particular manifold we are considering. It should be mentioned that these constants are 
closely related to VEVs of operators in the physical theory. The VEV of the operator O in 
the twisted theory depends on the VEV of the operator Tr(i?l)^ of the untwisted theory, 
as one can easily see by comparing (|6.1.11|) to ( p.l.l3|) . This VEV has been computed 
in (|7.2.44|) and is non-zero. It can also be seen 


that 7 = 7 i is related to the gluino 
condensate, computed in (|7.2.47|) in terms of U. This suggests that the exact solution 
of the physical theory should provide relations between these universal coefficients. As 
we will see in the next Chapter, the N = 2 theory allows one to relate the VEV {V) 
to the other operators in terms of the exact low-energy solution. It should be extremely 
interesting to make more precise the relation between the untwisted and the twisted theory 
in order to relate the different topological constants appearing in this kind of expressions. 

If we denote C = Ci, (1|C1|1) = {O) and (1 -|- |V|1-|-) = (V), the expression for the 
polynomial invariants reads: 

c(exp{'yv'^ + fi{0))Y[(exp{{V)(j)y) + tyexp{-{V)(j)y)'j 
V y 

-F(-l)^e“S'"exp(e“^-t- fJi{0))^ (exp(e“^ {y)(l>y) + tj/exp(-e“^(h^)0t/) 

y 


X (exp(e“^ {y)4>y) + tyexp{-e~^ {V)(j)y) 


(7.4.88) 


In order to check some of the properties of (|7.4.88|) we will express it in a more 


convenient way. Notice that because of (|7.4.86|) and (|7.4.87|) we can extract the factor ty 


m 


the second summand of (|7.4.88 ) and cancel the factor (—1)^. Using some straightforward 
algebra and the fact that <7 = 0 mod 8, (|7.4.88|) can be rewritten as: 


(exp(^aaJ(Sa) +/iC>)) 

a 

= clexpi'yv^ + ^i{0))Y[(exp{{V)(j)y) + tyexp{-{V)(j)y)) 

-Fe'^'^exp^ - e“^(7n^ -t- fi{0))^ J([ (exp(e“^ {V)4>y) + tyexp{-e~^ {y)4>y) 

y 

-l-e“^'^exp(^ — e^(yn^ -h /i(C’))) 

X Y[ (exp(e“'^ {V)4>y) +tyexp{-e~^ (U)0y)Y (7.4.89) 


where the second summand of ( [7.4.88|) is now the last one. This is our final expression 
for the polynomial invariants associated to SU{2) monopoles on Kahler, Spin manifolds 
whose canonical divisor can be written as in (|7.4.83|). The result is obviously real, as the 
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first summand in ( |7.4.89| ) is real and the second one is the complex conjugate of the third 
one. 

Another check of ( [7.4.89|) is the following. As we noticed in Chapter 5, a product of 
r observables O and s observables /(S) has ghost number 4r + 2s, and this must equal 
the dimension of the moduli space for some instanton number k. In terms of A we have 
the selection rule ( p.l.l7|) : 


4r + 2s = dim AIna = 6 (fc — A) — 


a 

2 ’ 


(7.4.90) 


i.e., if we suppose that the are of degree 2 and fi of degree 4, in the expansion of 
( [7.4.89|) we can only hnd terms whose degree is congruent to —(t/ 2 mod 6. This is easily 
checked. If we consider the terms of hxed degree 4r + 2s we see that they can be grouped 
in terms with the same coefficient, given by: 


1 -)- 


(7.4.91) 


This is a geometrical series whose sum is zero unless = 1, which gives 

precisely the condition we were looking for. Notice that to obtain the well-behaved ex¬ 
pression ( [7. 4. 891) from (|7.4.88| ) the key point is that the contributions from the cosmic 
string theory have the form ( [7.4.851) . This is what allows to drop out the factor (—1)^ 
which comes from the bulk structure and suggests that the pattern of bifurcation of vacua 
along the cosmic string is the right one. 

Another point of interest is that, according to our expression ( [7.4.89 ), the generating 
function for the correlation functions / = (exp(X]a Q;a.f(Sa) -|- /iC>)) verihes the equation: 




= {Off. 


(7.4.92) 


which seems to be the adequate generalization to our moduli problem of the simple type 
condition which appears in Donaldson theory |^, Q. Physically, the order of this equa¬ 
tion is clearly related to the number of ground states of the N = 1 theory. It would be 
interesting to have a clear picture of the mathematical meaning of this generalized simple 
type condition as well as to know what is the form it takes in other moduli problems. 

This ends our computation of the polynomial invariants for Spin, Kahler manifolds. 
In the next Chapter we will consider this computation in the N = 2 framework, and we 
will drop the Kahler assumption. 
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Chapter 8 

Exact results in = 2 and TQFT 


In this Chapter we take a somewhat more direct approach to the computation of the 
polynomial invariants associated to SU (2) monopoles. We will analyze the N = 2 theory 
directly, without any kind of soft breaking to = 1. For this we will use the results of 
Seiberg and Witten [^, |^. In these by now classical works, they were able to compute 
the exact low-energy effective action of the asymptotically free N = 2 QCD theories 
with gauge group SU{2). One of the implications of this fundamental work was precisely 
an alternative formulation of Donaldson theory through the Seiberg-Witten monopole 
equations, which were presented from a mathematical point of view in Chapter 4, section 1. 
This in turn allows one to compute the Donaldson invariants from the invariants associated 
to the abelian monopole equations. We will here briefly review the non-perturbative 
results on TV = 2 theories and apply the Nf = 1 result to the moduli problem of SU (2) 
monopoles, on general Spin manifolds with 6^ > 1. The organization of this chapter is 
as follows: in section 1 we review the basics of the Seiberg-Witten solution. In section 
2 we consider the Nf = 1 theory and compute the polynomial invariants. In section 3 
we consider again the Kahler case from the point of view of the N = 2 theory, and we 
rederive the expression given in ( [f.4.89 ). 


8.1 The Seiberg-Witten solution 

We give a brief overview of the Seiberg-Witten solution in the Nf = {) case, as the main 
features of the Nf = 1 case are very similar. For the analysis of the topological version of 
the theory we don’t need all the ingredients of the solution, and therefore we will restrict 
ourselves to a general picture of the quantum moduli. For more details, one can see the 
original papers ^ or the reviews p. 

To study the vacuum structure of iV = 2 supersymmetric Yang-Mills theory, one first 
studies, as in Y = 1 theories, the classical vacua. N = 2 supersymmetry does not allow 
a superpotential for the theory and therefore the scalar potential is purely D-term: 

I/(0) = ^Tr[i?,St]2 

There is a classical moduli space of vacua, and the minima of (p.l.l|) can be taken to 
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be of the form B = |acT^ with a complex. A gauge invariant description of this moduli 
space is provided by the variable u = TtB^ = at the classical level. Each point in 
this moduli space represents a different theory. For a ^ 0 the charged multiplets acquire 
a mass M = A/2|a|, and SU{2) is spontaneously broken to U{1), and at a = 0 the full 
SU{2) symmetry is restored. Away from the origin we can integrate out the massive 
multiplets and obtain a low-energy effective theory which depends only on the “photon” 
multiplet [^. The theory is fully described in terms of an A^ = 2 prepotential IF{A). 
The Lagrangian in A^ = 1 superspace is 


C = —Im 
dvr 




( 8 . 1 . 2 ) 


The Kahler potential and gauge kinetic functions are given in general by: 


K{a,a) = ana, 

dvr 


r = 


do = 


da? ’ 
OR 
da ' 


(8.1.3) 


An important point is that effective action (|8.1.2| ) has a duality group which cor¬ 
responds physically to electric-magnetic duality. The original photon variable is a (the 
lowest component of the chiral superfield A), and the magnetic photon is described by 
the variable = —an- 

In perturbation theory T only receives one-loop contributions. The important thing 
is to determine the non-perturbative corrections. This was done in |^, Q. Some of the 
properties of the exact solution are: 

1) The SU{2) symmetry is never restored. The theory stays in the Coulomb phase 
throughout the u-plane. 

2) The moduli space has, for Nf = 0, a symmetry u —>■ —u (the non-anomalous 
subset of the U{1)r group), and at the points u = A^, —A^ (where A denotes the scale 
of the N = 2 Yang-Mills theory) singularities in IF develop. Physically they correspond 
respectively to a massless monopole and dyon with charges (n^, 'n.g) = (1, 0), (1,1), where 
rim, denotes the magnetic charge and rie the electric one. Hence near u = A^, — A^ the 
correct effective action should include together with the photon vector multiplet monopole 
or dyon hypermultiplets. In this way, around the singularities, the effective theory is 
essentially N = 2 QED, and the matter fields are represented by Y = 2 hypermultiplets 
corresponding to the massless particles. As these particles are monopoles or dyons, they 
must be coupled to the magnetic or “dyonic” photon. 

3) The function IF {a) is holomorphic. It is better to think in terms of the vector 
Y = {an, a) which dehnes a flat 5/(2, Z) vector bundle over the moduli space A4u (the 
M-plane). Its properties are determined by the singularities and the monodromies around 
them. Since d’^Tjda? or dan/da is the coupling constant, these data are obtained from 
the /3-function in the three patches: large-u (the Higgs region), the monopole and the dyon 
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regions. In the Higgs, monopole and dyon patches, the natnral independent variables to 
nse are respectively = a, = —a^, = od — a. Thns in each patch we have a 

different prepotential: 

(8.1.4) 

The descriptions given by these prepotentials correspond to mntnally non-local objects. 
Therefore, there is no effective lagrangian describing these three objects simnltaneously 
(althongh there are some interesting phenomena in these kinds of theories associated to 
non-local objects). 

4) The explicit form of a{u), aD{u) is given in terms of the periods of a meromorphic 
differential of the second kind on a genns one snrface described by the eqnation: 


— A^)(x — m). 


(8.1.5) 


corresponding to the donble covering of the plane branched at ±A^, m, oo. The singnlar- 
ities of this cnrve occnr precisely at inhnity and at the singnlarities associated to extra 
massless particles. 

The sitnation for the Nj = 1 theory is very similar. There is no Higgs phase, and 
the modnli space of vacna is again parametrized by the VEV of the operator u = TiB^. 
The anomaly-free discrete snbgronp of the ^( 1 ) 7 ^ symmetry is the sqnare root of (|7.2.14|) . 
Under this Z 12 symmetry the qnantity u = TiB^ transforms as u ^ and gives 

a global Z 3 symmetry on the u plane. Again, in this case there are singnlarities in the 
modnli space. The elliptic cnrve describing the n-plane is given by PB|: 


y^ = x\x-u)--Al, 


(8.1.6) 


where Ai is the scale of the Nf = 1 theory. The singnlarities are the points in the n-plane 
where the discriminant of this polynomial vanishes. This gives: 


u 


3 


27 


256 


A® 


(8.1.7) 


and coincides with the resnlt in ( [f.2.44|) for the pertnrbed theory. We will comment on 
this later. Notice that these three singnlarities are interchanged by the Z 3 symmetry. 
Each of them corresponds to a single state becoming massless. The charges of the three 
different states are {nm^Uf.) = (1,0), (1,1), (1,2), he., one monopole and two dyons. This 
is, essentially, all the information we need from the Field Theory point of view, althongh, 
as we mentioned in the previons Chapter, to make more precise predictions the expressions 
for the a, a£) variables in terms of u wonld be needed. 


8.2 The polynomial invariants from N = 2 

In the previons Chapter we have compnted the polynomial invariants for SU (2) monopoles 
on Kahler, Spin manifolds. The fact that we have a Kahler strnctnre allows one to 
perform the compntation in the N = 1 theory. In this section we will show that one can 
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use electric-magnetic duality and the symmetry of the original N = 2 theory to 

obtain expressions which are valid on a general Spin manifold X, as for in Donaldson 
theory ||114|| . One of the most interesting features of the N = 2 point of view is that it 
gives a more concrete picture of the cosmic string theory, and ultimately conhrms our 
assumptions about its vacuum structure. 

When dealing with the twisted N = 2 theory, topological invariance implies that the 
results are formally invariant under rescalings of the metric. For large metrics, he., very 
low energies, the effective, Wilsonian description of the untwisted theory should provide 
all the relevant information from the topological point of view. The basic assumption is 
then that one can describe the twisted, original theory, in terms of a twisted version of 
the low-energy effective theory. 

As we have seen, the vacuum degrees of freedom are described by the quantum moduli 
space, parametrized by the u-plane. At every point in this moduli space there is a low- 
energy abelian N = 2 effective theory, given by the expression (^.1.2 ), which can also 
be twisted to give a topological held theory. At a generic point the only light degree of 
freedom is the U{1) gauge held which survives after gauge symmetry breaking, and the 
twisting of this theory would corresponds to the moduli problem of abelian instantons on 
X. At the singularities new massless states (monopoles or dyons) appear which must be 
included in the low-energy lagrangian. For the theory with Nf = 1, the resulting ehective 
theory is iV = 2 QED with a single hypermultiplet at every singularity, as we saw in the 

H. 


previous section following 


In these cases, the twisted theory near these points is 


just the abelian version of the topological theory considered in Chapter 4. In principle, 
when computing a correlation function of the original, “microscopic” twisted theory, one 
should integrate over the u-plane, to take into acount all the relevant degrees of freedom. 
However, we are assuming, in order to avoid reducible solutions, that > 1. Recall that 
this condition means that there are no abelian instantons on X for a generic metric, and 
therefore one expects contributions only from the singularities, as the moduli space of 
the twisted effective, “macroscopic” theory is empty for the other points in the u-plane. 
This is consistent with the N = 1 point of view. Once we know the contribution from 
one of the singularities, the other contributions can be obtained through the anomaly-free 
subgroup Zi 2 C of the underlying microscopic N = 2 theory. 

One should notice, however, that although with these arguments one captures the 
structure of the invariants, they are rather heuristic. It would be desirable to have a 
more direct proof of these facts, studying the precise relation between the path integral 
of the macroscopic theory and the underlying effective theory, at least in the twisted 
case. Some steps in this direction have been given in |p.l5|| . A more precise approach 
should also give information about the specihc factors appearing in the expression of the 
invariants. This is because there is only a free parameter in the exact solution of the 
N = 2 SU{2) theories with Nf < 4, namely the scale A. Therefore, and as we mentioned 
in the previous Chapter, the exact solution should £x the relations between the different 
universal constants that also appear in the N = 2 approach. 

Before starting the computation, let us mention some of the basic properties of Seiberg- 
Witten invariants. The abelian monopole equations, in the Spin case, were written in 
Chapter 4, (|5.1.3|), and they require the introduction of a line bundle L. The deformation 
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complex for these equations is obtained from ( p.2.20|) , with E = L and = R. The 
virtual dimension of the corresponding moduli space can be easily computed from the 
index theorem and is given by 


dim Afsw = 


2x + 3cr 


+ Ci(L)^ 


( 8 . 2 . 8 ) 


In the Spin‘s case, the line bundle L is not well dehned globally, but is and its hrst 

Chern class is denoted by ci(L^) = —x. Notice that, in the Spin case, x = —2ci(L). 
From (|8.2.8|) it follows that, when the moduli space associated to the abelian monopole 
equation has zero dimension, x satishes: 


x^ = 2x + 3(j. 


(8.2.9) 


In this case, generically, the moduli space Alsw consists of isolated points and one can 
dehne a topological invariant in the standard way, just like in Donaldson theory. We 
already know that this invariant is the partition function of the corresponding topological 
held theory (for an explicit construction of this theory, see 0 )- The invariant associated 
to a line bundle L (or to a Spin'^-structure L^) is denoted by n^. It is called the Seiberg- 
Witten invariant. The x such that 7 ^ 0 are called basic classes, and they must verify 


the condition (|8.2.9| ). It should be mentioned that the cohomology classes verifying (^.2.9|) 
have a standard mathematical characterization in four-dimensional topology. First of all, 
the class x = —ci(L^) dehnes a Spin'^-structure, and therefore it must be characteristic 


(see Appendix, section 3). A characteristic element verihes (|8.2.9|) if and only if it dehnes 
an almost complex structure on X, and x is then the hrst Chern class of the canonical line 
bundle K associated to the almost complex structure. Conversely, any almost complex 
structure dehnes a Spin'^-structure with line bundle = K. 

Notice that the index of the Dirac operator for the abelian monopole equations is given 
by —a/8 + Ci(L)^/2. If ( ^.2.9| ) holds, this index has the value: 


index Dl = ^ ^ = A, 


( 8 . 2 . 10 ) 


and therefore A, already introduced in (|6.1.18|) , must be an integer for the Hx to be 
non-zero. 

In the Topological Field Theory of abelian monopoles, the descent construction can 
be applied to obtain a family of operators which should give rise to higher dimensional 
Seiberg-Witten invariants. One obtains 0 : 


O" — 

Uq — 


0 ^ = 


©3 = 




1 2 


gU"-3^A^AV' + 2rU"-VAF, 


















122 


CHAPTER 8. EXACT RESULTS IN N = 2 AND TQET 


©4 = j (fP ‘^^pA^jJA^pA^jJ + 3 j (jP A 4) A F 
+ (^]r-"FAF, 


( 8 . 2 . 11 ) 


where the helds involved here are simply the abelian counterparts of the helds appearing 
in the non-abelian monopole theory of Chapter 4. 

Now, we will evaluate the correlation functions of the SU{2) monopole theory in terms 
of the twisted, low-energy effective theory of abelian monopoles, for X a Spin manifold 
with 6 ^ > 1. The contributions come from the three singularities, and it is sufficient to 
consider only one of them, as the contributions coming from the other singularities can 
be obtained through the Z 3 symmetry of the u-plane. We consider then the singularity 
associated to the magnetic monopole, with charges (1,0). To couple the monopole in 
a local way, we must perform a duality transformation to magnetic variables. In these 
variables, the chiral superheld we have denoted by $ is the dual held Ad = dF/dA. The 
held 0 appearing in (^. 2 . 11 |) corresponds after twisting to the complex conjugate of an- 
This is because we choose to twist with the positive chirality spinor bundle. The opposite 
choice is possible |p.l3|| , leading to the more natural identihcation 0 —> a^), but then the 
bosonic components of the matter hypermultiplets become negative-chirality spinors. 

The hrst thing to do is to expand the operators of the microscopic, original SU{2) 
theory, in terms of operators of the macroscopic, magnetic theory. To obtain the structure 
of this expansion we will use the expansion in the untwisted, physical theory together with 
the descent equations in the topological, abelian theory ||116|| . At the monopole singularity, 
located at Uq (where Uq is one of the three roots of the equation (p.l.7|) ), the monopole 
becomes massless and aniuo) = 0. Near this point the u variable has an expansion: 


u{aD) — Uo 


du 


do,] 


Od-|- higher order. 


( 8 . 2 . 12 ) 


Dy uo 


where {du/daD)uo 7 ^ 0 (this can be checked from the explicit solution for the Nf = 1 theory 
given in ||^), and “higher order” means operators of higher dimension in the expansion. 
In terms of the corresponding observables of the topological theories, the correspondence 
is then: 


O = {O) -(l/)0-I-higher order. 


TT 


(8.2.13) 


where (C>), {V) are real c-numbers which should be related to the values Uq, {du/daD)uo 
of the untwisted theory. They coincide with the universal constants introduced in the 
previous Chapter, as we will see in the computation of the invariants. From the observable 
O one can obtain the observable by the descent procedure in (|6.1.13|) . Applying this 
procedure ( ^.2.11| ) in the topological abelian theory to the right hand side of (^.2.13| ), we 
obtain: 

=- {V)F -I-higher order, (8.2.14) 


vr 


where F is the dual electromagnetic held. In particular, taking into account that x = 
—2ci(L) = — [Fj/vr, where [F] denotes the cohomology class of the two-form F, we hnally 
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get: 


/(S) = ■ x) + higher order, 


(8.2.15) 


where the dot denotes the pairing between 2-cohoniology and 2-honiology. From the 
point of view of Topological Field Theory, we wouldn’t expect contributions from higher 
dimensional operators, because of the invariance of the theory under metric rescalings 
(this is in fact the same argument to constrain correlation functions in the iV = 1 theory). 
Higher order terms in this expansion should correspond to higher monopole invariants, 
just like in the computation of Donaldson invariants in | 114 |. This problem is intimately 
related to the simple type condition on four-manifolds. The analysis in the Kahler case 
presented in the previous Chapter suggests that the simple type condition in this case is 
given by (|7.4.92|) . As in Donaldson theory, it follows that, if the polynomial invariants 
dehned for SU{2) monopoles verify a priori this condition, then the analysis in terms 
of the N = 2 theory implies that there will be no contribution from higher dimensional 
operators. 

We can now evaluate the correlator (|2.4.84 ) in terms of a path integral in the low- 
energy twisted theory. This includes, of course, a sum over the topological classes of 
dual line bundles L. If we assume no contribution from higher dimensional operators, 
the expansion of the observables of the original N = 2 theory only includes c-numbers 
and, possibly, contact terms for the operators /(D) giving the intersection form of the 
manifold, as in (|7.4.73 ). The appearance of these terms is more clear from the = 1 
point of view, and, as we mentioned in the previous Chapter, they are related to gluino 
condensation. From the N = 2 point of view their presence is not obvious from the above 
expansions, but, as we will see in the next section, we get a clear picture of the cosmic 
string theory vacua. As the operators are now c-numbers, the computation of the path 
integral of the low-energy, effective theory, just gives the partition funcion of the theory 
for each line bundle L. This is just the Seiberg-Witten invariant rix, with x = —2ci{L) 
verifying (|8.2.9|) in order to have a zero-dimensional moduli space. We then obtain, for 
the hrst singularity: 

Cexpi'yv^ + p(C>)) (8.2.16) 


we have included the universal constants which also appear in ([7.4.89|) . The sum is over 
all the basic classes. The constant C appears in the comparison of the macroscopic 
and microscopic path integrals, after hxing the respective normalizations. Some steps to 
determine it have been given in ||115|]. Now, to get the contributions from the other two 


vacua we can use the U{l)'ji symmetry given in ([7.2.12|) and (|7.2.13|) . The resulting Zg 


anomaly-free discrete subgroup is given in (|7.2.14|) . Notice that if we use the Zg symmetry, 
the transformation of the order parameter u is u —>■ e~~u. This is still a Z 3 symmetry 
of the M-plane which goes through all the singularities, and we won’t need to implement 
the additional symmetry ([7.2.19|) . 

At this point the computation becomes very similar to the one we did for the N = 1 

theory. First we must take into account the gravitational contribution of the anomaly 

—1 —2 

and the geometrical character of the fields after twisting. The helds Ai, A 2 , A and A give 


now the whole ASD complex and the anomaly is the square of (|7.4.76|). For the matter 
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fermions the anomaly is given by ^index D. The total contribution is: 


e 3 


{8fc-f(x+a)}-f (2fc+f) ^ g-i 


(8.2.17) 


This is the anomaly we obtained for the third iV = 1 vacuum, for it is the square of 
( [f.4.79|) . We see that, as happens in the pure N = 2 Yang-Mills theory ||113|| , the 
symmetries of the N = 1 and the N = 2 theory, which are certainly different, work in 
such a way that after twisting one obtains the same contribution for the gravitational 
part of the anomaly. 

To implement the symmetry under consideration in the observables we need the action 
of the generator of (|7.2.14| ), call it a again, on them. One obtains: 


aOa-^ = -e-Q, a/(S)a-^ = e”/(S) 


(8.2.18) 


Now we can apply these transformations to ( |8.2.16|) , as we did in the Kahler case, to 
obtain: 


(exp(^aa/(Sa) /iC>)) = Cl exp( 7 u^ + /i(C>)) ^nj,exp((Y)u • x) 

a \ X 

-fe'^'^exp^^ — e“^(yu^ -f- ii{0))'^ ^ na,exp(e“^ {V)v ■ x) 

X 

-t-e'^'^exp^^ — e“(yu^ -f- /i(C>))) ^na;exp(e ^ (y)v ■ x) j. (8.2.19) 

X J 

This is our hnal expression for the polynomial invariants associated to SU{2) monopoles 
on a Spin manifold X with 6^ > 1. This implies that the polynomial invariants associated 
to SU (2) monopoles can be expressed in terms of Seiberg-Witten invariants. Notice that 
the condition to have a non-trivial polynomial invariant for SU{2) monopoles is that A, 
dehned in (|6.1.18| ), should be an integer, and this is the same condition to have non-trivial 
Seiberg-Witten and Donaldson invariants. 


8.3 The Kahler case revisited 

Although the N = 2 and the iV = 1 points of view are rather complementary, the former 
is, in some ways, more fundamental, and in this section we want to reobtain the results 
for Kahler manifolds starting from the N = 2 low-energy effective theory. 

The perturbation of the N = 2 theory by a mass term for the N = 1 chiral superheld 
$ is obtained by adding a superpotential W = mTrd)^. As shown in [^, Q, the operator 
Tr<h^ can be represented in the low energy theory by a chiral superheld U, whose hrst 
component is the gauge-invariant parameter for the quantum moduli space u. Near the 
point where the monopole becomes massless, the total superpotential of the effective 
theory is the sum of the N = 2 superpotential in (|6.2.23|) and the effective superpotential 
coming from the iV = 1 perturbation, Wes = mU: 

Wm = V^AjyMM -|- mU. 


( 8 . 3 . 20 ) 
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The superfields M and M are the N = 1 chiral multiplets which represent the monopole 
N = 2 hypermultiplet in the abelian case, and they have opposite charges. We are 
interested in the vacuum structure of this N = 1 theory. The vacua of the N = 1 theory 
are given by the critical points of the superpotential, up to complexified U{1) gauge 
transformations (this is equivalent to set the D terms to zero and divide by f/(l)). The 
only points in the quantum moduli space of vacua of the N = 2 theory which give rise 
to = 1 vacua are precisely the singularities where extra particles become massless. 
Consider for example the monopole point, described by ( p.3.20|) . The equations for the 
critical points are: 


dW 

OAd 

dW 

m 

dW 

dM 


V2MM + m-^ = 0, 

OjOjO 

cldM = 0 , 

(i£)M = 0 . 


(8.3.21) 


The last two equations give = 0, and fix the vacuum at the monopole singularity, while 
the first one implies that the monopoles get a VEV. The same analysis can be done near 
each singularity, and therefore there is one = 1 vacuum at each singularity. Hence, for 
the Nf = 1 theory, the perturbed theory has three vacua related by the Z3 symmetry of 
the M-plane. The pattern of chiral symmetry breaking can be obtained taking into account 
that the vacua are labeled by the gauge-invariant parameter u = TtB^, and the unbroken 
symmetry is then B —B. The pattern ( [7.2.46|) is thus recovered. In these vacua, the 
magnetic Higgs mechanism gives a mass gap and confinement of electric charge. Hence 
we rederive all the results in Chapter 5, section 2, and check the confining character of 
the theory. 

In the twisted topological theory on a Kahler manifold with 6^ > 1, the mass pertur¬ 
bation is done with a (2, 0) form rj (we change notation to distinguish it from the Kahler 
form a;). We will now see that the mass term gives, in the low-energy effective theory, the 
perturbed Seiberg-Witten monopole equations on Kahler manifolds of ||114|| . To do this, 
we compute the bosonic part of the twisted effective theory once the superpotential Wes 
has been added. If we consider the expansion ( |8.2.12| ) in terms of superfields, we get the 
additional terms in the Lagrangian: 


du 


da 


D 




6(2 


, du ^ _ du ^ 

h.c. = r]-f—D 22 + T>ii, 


da 


D 


da 


D 


(8.3.22) 


where Du, D 22 are the auxiliary real fields in the chiral multiplet Ao. Now we take into 
account the decomposition of the monopole fields in ( [f.3.52| ), which is just the decompo¬ 
sition we used to study the non-abelian monopole equations in Chapter 4, section 3. The 
bosonic part involving the auxiliary Dij in the original N = 2 abelian theory is: 


+ D11D22 + (|Mip - |M 2 p)Dl 2 
^i^/2M^DllM2 - iV2M^D22Mi. 


(8.3.23) 
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Denoting the monopole fields as in ( |5.3.32|) , Mi = a, M 2 = and integrating out the 
auxiliary field Dij, the last term in the bosonic part of the topological action (|5.2.281) is 
no longer |M|"^/2, as we computed in (|5.2.30|), but 


~ l/^P) +‘2 af5 — 


\/2daD 


du ^ 

V ■ 


(8.3.24) 


As du/dttD 7 ^ 0 at the monopole singularity (this is again the key point), we can reabsorb 
the factor in V- Now we assume that the first Chern class of L is of type (1,1). 

This just means that the original monopole equations have a solution (recall that we are 
perturbing the original theory). Therefore, we have that 


f F^’°Af]= f F°’^Ar] = 0. 

Jx Jx 


(8.3.25) 


Taking into account ( ^.3.24|) and (|8.3.25|) , we see that the bosonic terms in the action 
involving the field F can be written as: 


2\F' 


2,0 


a(d + r]\^ + 2\f --{\a\ 


|2m2 


(8.3.26) 


We used the decomposition (|A.3.63|) in the Appendix as well as (|A.3.65|) . We then obtain 
the perturbed Seiberg-Witten equations for the Kahler case [|114|| : 

pAO _ 


E., = 


= aj3 

OJ 


V: 


(|at-|;3|T 


= af3-r]- (8.3.27) 

This is the most adequate perturbation to compute the Seiberg-Witten invariants in the 
Kahler case. Recall from our general discussion in Chapter 1 that Kahler metrics are 
not generic, and therefore one must either compute the Euler class of the cokernel of the 
obstruction cohomology, or to perturb the equations in an appropriate way. The N = 1 
mass term clearly suggests 0.3.27|) . Using now these equations it is easy to show that, 
when X is Kahler and its canonical divisor is of the form ([7.4.83|) with disjoint Cy, the 
Seiberg-Witten invariants give the pattern of vacuum bifurcation of the cosmic string, 
and one recovers (|7.4.89|) from (|8.2.19|) . Indeed, in such a situation the basic classes are 
given by ||1 14|| : 

^(pir--,pn) ~ Pv{^v \i (8.3.28) 


and each py = ±1. The corresponding are: 

nx = W_t 


y ’ 


(8.3.29) 


where = (1 — Py)/2 and the ty are given in ( [7.4.86]) . A simple computation leads to, 
^n,,exp((U)n-x) = =I[{(^M{y)(l>y) +'ty(iW{-{V)(j) 


py y y y 

(8.3.30) 

which shows that in this case (|8.2.19|) becomes (|7.4.89|) . Using also (|8.3.27|) one can show 
that invariants associated with moduli spaces of higher dimension vanish, and therefore, 
even if higher order terms appear, they don’t give contributions in the Kahler case. 





































Chapter 9 

Conclusions and outlook 


Some of the results presented in this work are the following: 

1) We have obtained equivariant extensions of the Thom form with respect to a vec¬ 
tor held action, in the framework of the Mathai-Quillen formalism, and we have shown 
that this equivariant extension corresponds to the topological action of twisted N = 2 
supersymmetric theories with a central charge. The formalism we have introduced gives a 
unihed framework to understand the topological structure of this kind of models in terms 
of equivariant cohomology with respect to a vector held action. We also have analyzed in 
detail two explicit realizations of this formalism: topological sigma models with a Killing, 
almost complex action on an almost Hermitian target space, and topological Yang-Mills 
theory coupled to twisted massive hypermultiplets. 

2) We have presented the non-abelian generalization of the Seiberg-Witten monopole 
equations, as well as the Topological Quantum Field Theory associated to this moduli 
problem. These equations lead to the study of a new moduli problem which is a general¬ 
ization of Donaldson theory. We have performed a hrst analysis of the space of solutions 
and it has been argued that they constitute an enlarged moduli space. 

3) We have computed the polynomial invariants associated to the moduli space of 
SU{2) monopoles on four-dimensional Spin manifolds, with the monopole helds in the 
fundamental representation of the gauge group. Our computation is based on the exact 
results about the quantum moduli space of vacua of the corresponding N = 2 and N = 1 
supersymmetric theories. The resulting expressions ( |8.2.19|) and ( [7.4.89| ) can be written 
in terms of Seiberg-Witten invariants, and therefore the hrst conclusion of our analysis 
is that these invariants underlie not only Donaldson theory, but also the generalization 
of this theory presented here. The picture which emerges from our computation is that 
non-perturbative methods in supersymmetric gauge theories are not only an extremely 
powerfool tool to obtain topological invariants, but also to relate very different moduli 
problems in four-dimensional geometry: it seems that different four-dimensional moduli 
problems can be in the same “universality class” when considered from the point of view 
of the underlying supersymmetric theories. Therefore, using non-perturbative results in 
the physical theories, one should be able to identify truly basic topological invariants 
characterizing a whole family of moduli problems. According to our results, the SU{2) 
Donaldson invariants and the SU{2) monopole invariants are both in the same class. 
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which is associated to the Seiberg-Witten invariants (as the topological information that 
both give is encoded in the basic classes of the manifold). 

The results presented here can be extended in many different directions. Perhaps the 
most interesting extension of the construction in Chapter 3 is to implement the localization 
theorems of equivariant cohomology in this framework. It has been shown in O, O 


that the integral of a closed equivariant differential form can be always restricted to 
the fixed points of the corresponding U{1) or vector field action. This can be used to 
relate, for instance, characteristic numbers to quantities associated to this fixed-point 
locus. The topological invariants associated to topological sigma models and non-abelian 
monopoles on four-manifolds can be understood as integrals of differential forms on the 
corresponding moduli spaces. In the hrst case we get the Gromov invariants, and in the 
second case a generalization of the Donaldson invariants for four-manifolds. If we consider 
the equivariant extension of these models, we could compute the topological invariants 
in terms of adequate restrictions of the equivariant integration to the hxed-point locus of 
the corresponding abelian symmetry. In fact, it has been argued in |^| that localization 
techniques can provide an explicit link between the Donaldson and the Seiberg-Witten 
invariants, because their moduli spaces are precisely the hxed points of the abelian U{1) 
symmetry considered in (|6.3.42|) , acting on the moduli space of SU{2) monopoles. Perhaps 
the techniques of equivariant integration, applied to the equivariant differential forms 
considered in this work, can give an explicit proof of this link. However, a key point when 
one tries to apply localization techniques is the compactness of the moduli spaces. The 
vector field action can have fixed points on the compactification divisors which give crucial 
contributions to the equivariant integration. This situation arises in both the topological 
sigma model and the non-abelian monopoles on four manifolds. It can be easily seen 
that, without taking into account the compactihcation of the moduli space, one doesn’t 
obtain sensible results for the quantum cohomology rings or the polynomial invariants 
of four-dimensional manifolds. However, we have seen that the equivariant extension of 
the non-abelian monopole theory corresponds to the twisted N = 2 Yang-Mills theory 
coupled to massive hypermultiplets. It would be very interesting to use the exact solution 
of the physical theory given in to obtain the topological correlation functions of the 
twisted theory. It seems that the duality structure of Y = 2 and N = 4 gauge theories 
“knows” about the compactification of the moduli space of their twisted counterparts, 
and therefore the physical approach would shed new light on the localization problem. 

Another interesting question is the possible relation with string theory. Harvey and 
Strominger have shown |5^ that Donaldson theory appears naturally in a certain com¬ 
pactihcation of the heterotic string. Perhaps the improved knowledge of duality in string 
theory can give a stringy version of the relation between Donaldson and Seiberg-Witten 
invariants. This string theory framework can be also useful to understand from another 
point of view the relation between the Seiberg-Witten and the Gromov invariants discov¬ 
ered by Taubes 
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Appendix A 

Spinors in four dimensions 


We review in this appendix some facts about Spin and Spin'^-structures in four dimensions, 
and we fix our notations. In section 1 we present some algebraic results from the theory 
of Clifford algebras. In section 2 we recall the basics of Spin structures, Dirac operators 
and Weitzenbock formulae. In section 3 we briefly consider Spin^-structures. Adequate 
references are |^, | 8 ^, ^ . The spinor notation is based on . 


A.l Spinor algebra in four dimensions 

We will consider only Euclidean spaces. The real Clifford algebra in four dimensions CI4 
is isomorphic to the 2x2 quaternionic matrices, denoted by H(2). The complexihed 
Clifford algebra CI4 is then isomorphic to C(4). The only irreducible representations of 
these algebras are and C^, respectively. Recall that Clifford algebras are Z 2 graded, 
and they decompose as Cl° © Cl;'^ (also in the complex case). From the isomorphism 
Cl° ~ CU_i, and CI3 ~ H © H, CI3 ~ © C^, we see that the real and complex 

representation of Spin 4 split into two irreducible representations. It is easy to see from 
the above isomorphisms that 


Spin 4 ~ SU{2)l X ^f/( 2 )«, (A. 1 . 1 ) 

i.e. the complex representation of Spin 4 is given by two copies of SU{2) acting on C^. 
These are the positive and negative chirality representations, which can be distinguished 
by the action of the complex volume element in CI4: 

= - 60646263 . (A.1.2) 

This corresponds, under the complex representation of the Clifford algebra, to the usual 
75 matrix in Field Theory. We will denote the two-dimensional complex vector spaces 
associated to these representations as S^, S~. The total representation space for CI4 is 
then S = S~^ 0) S~. From the isomorphisms above we deduce that: 

CI4 ~ Endc(^), (A.1.3) 
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and this isomorphism holds for all even-dimensional complexihed Clifford algebras, as well 
as the above facts on their representations. 

An important fact to relate spinors and differential forms is the algebraic isomorphism 
as vector spaces. An explicit correspondence is constructed from the map 
/ : CU given by | 7 |]: 

(A.1.4) 

^ • rr 


which obviously descends to a map / : ^ Cl„. As R^ = A^R^, the representation 

of the Clifford algebra CI4 in Home (S') gives a map ||41|| : 


7 : R^ 


Homc(S), 


(A.1.5) 


and the image of this map is contained in Hom(S’'', S~) © Hom(S“, S’*"). This is because, 
as a vector subspace of CI 4 , R"^ C CI 4 and S is a graded Z 2 module. We then have a 
map a : R^ ^ Hom(S’'', S~), and we can give an explicit representation in terms of the 
matrices 

a(eo) = 12 x 2 , (^{ea)=iTa, a = 1,2,3, (A.1.6) 

where are the Pauli matrices. The matrices cr*(ej) are the adjoint matrices to (|A.1.6|) , 
cr*(eo) = 12 x 2 , o-ga = ® = 1,2,3. For (|A.1.5|) we have: 

“"o'’')’ ’““■■"■S' (A-i-7) 

It is easy to see that the matrices 7 (ei) verify in fact the Clifford algebra 

7(ei)7(ei) + 7{ejh{ei) = -2%, (A.1.8) 

which in terms of the a matrices reads: 


a*{ei)a{ej) + a*{ej)a{ei) = 2Sij. 

In this representation, the volume element (|A.1.2|) is given by: 


cue = 


1 0 

0 -1 


(A.1.9) 


(A. 1 . 10 ) 


which is the usual (euclidean) 75 matrix in a Weyl or chiral representation. From this 
representation of the Clifford algebra we can construct the representation of 12* (R’^) in 
Endc(5'), using ( A.1.4| ). For the two-forms, the map is given by: 


Cj A Cj 


-aHe,; a Co 


0 


(A.1.11) 


If we decompose 12^ (R^) into SD and ASD forms, we can check that ( |A.1.11| ) gives an 
isomorphism 


p : A+(R”) 


su{S~^), 


(A. 1 . 12 ) 
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where su(S'+) denotes an algebra isomorphic to the Lie algebra of SU{2), and consisting 
of skew-adjoint, trace-free endomorphisms of (with the structure given in (p.2.12|) ). 
Explicitly, we have: 


p(eo A Cl -|- 62 A 63) 


0 -2i \ 

-2i 0 j ’ 


p(eo A 63 -f- 61 A 62) 


-2i 0 \ 

0 2i 


p(eo A 62 + 63 A ei) = 2 ) ' (A.l.13) 

If we consider the representation of the complexihed Clifford algebra CI4 (and therefore 
of the complexihed exterior algebra), we get the isomorphisms 

~ Homc(^+, S-), ~ Endo(^+), (A.1.14) 


where Endo(*S'’'') denotes the complex, trace-free endomorphisms of S~^. These isomor¬ 
phisms are specializations of the isomorphism (A-1.3|) and can be established without 
using an specihc matrix representation. 

Now we will introduce a notation more familiar in Physics. This will just be a 
component notation for some of the basic structures introduced above. An element 
T G S' = S'"*" © S'” will be denoted by a column vector of the form 




iV" 



(A.l.15) 


where a, a = 1,2. Undotted indices correspond to elements in the positive chirality 
bundle S’*", while dotted indices correspons to elements in S~. An important point is that 
S^ have a complex symplectic structure, which can be implemented by the T 2 matrix. 
Following the conventions in we dehne the C matrices: 


and their inverses: 
so that. 


Caf3 — (T'2)a/3, 


(A.l.16) 

C”'* = 

C‘-‘‘ = 

(A.l.17) 


= y. 

(A.l.18) 


The symplectic structure provides isomorphisms: 


C+ : S+ 


(S+)* 


(A.l.19) 


(s-y 


and 


C- :S- — 
N^ ^ 


(A.l.20) 
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With the above conventions, an element A G Endc(*S'^) has the index strnctnre Aa^. 
With the indnced isomorphism Endc(*S'’'') ~ Homc((*S'+)*, S'"*") we obtain a map with 
indices Aap = Aa^C^s. It is easy to check that the trace-free endomorphisms become 
symmetric tensors. 

We can give now explicit expressions for the spinor representation of the self-dnal 
forms, and dehne the projector This simply follows from ( |A.1.11|) and (|A.1.12|) . We 
then have: 

F/ = (P*(F))/ = (A.1.21) 

It is most usnal to consider, instead of ( |A.1.21|) , the corresponding symmetric tensor 
indnced by the symplectic strnctnre. If we lower the indices of cr(ej) we get: 


where we used the fact that: 

=-Ta, a =1,2,3. 

Finally we obtain: 

The matrices Fa^ and F^p read: 

jF 0 _ ( ~'^{Fo 3 + -^12) —Fo 2 — T31 — i(Foi -|- F23) 

\ Fo 2 + T31 — i(Foi -|- F23) i{Fo 3 -|- F12) 


(A.1.22) 

(A.1.23) 

(A.1.24) 


FaP — 


'i{Fo2 + E31) — Foi — F23 Fo 3 -|- Fi2 

Fq 3 -|- Ti 2 Toi -|- F23 + i{FQ2 + T31) 


(A.1.25) 


We introduce now metrics on the vector spaces and on the space of trace-free, 
skew-adjoint endomorphisms of S~^. Given an element of S~^, = {(i,b), we dehne 

M = {a*,b*). In a similar way, given an element of S~, A^" = {a,b), we dehne N^ = 
{a*,b*). A Riemannian metric on S~^ ~ is given by: 


(M,7V)+ = -(M“iV, + iV“M„), 


(A.1.26) 


and a similar expression gives a Riemannian metric on S . Together they dehne a Rie¬ 
mannian metric on S. We also dehne: 

= M^C^p, iV" = NpC^^, (A. 1.27) 

in such a way that = M°‘Ma, N°‘Na = NaN°‘. Notice that, with respect to this 

metric on S, the following property holds: 


(T, 7 (ei)<I') -F ( 7 (ei)T,<l>) = 0 , 


T, $ e S' 


(A.1.28) 








A.2. SPIN-STRUCTURES ON FOUR-MANIFOLDS 


135 


This is a requirement to have a Dirac bundle |]^ , and guarantees that the Dirac operator 
is formally self-adjoint. 

We can also define a Riemannian metric for the matrices in su(2), using p.2.13|): 


{A,B) = 




A,B E su(2). 


(A.1.29) 


A.2 Spin-structures on four-manifolds 

The Spin„ group is a double covering of the orthonormal group SO{n), and we have an 
exact short sequence 

0 — >Z 2 —^ Spin„ ^ SO{n) —^ 1. (A.2.30) 

If E is an oriented, Riemannian vector bundle of rank n on a manifold M, a natural 
question is wether one can lift the principal S'0(n)-bundle associated to E, Pso{E), to 
a Spin^-bundle Psp{E), providing in this way a bundle realization of the covering in 
( |A.2.30| ). This lifting of bundles is a double covering 

e : Psp{E) Pso{E) (A.2.31) 

such that ^{pg) = ^{p)^o{g), where p G Psp{E), g G Spin„. If this can be done, we say that 
E is endowed with a Spin structure. Locally, Spin structures can always be found, but 
globally there are topological obstructions encoded in the second Stiefel-Whitney class 
of E, W 2 {E) G Z 2 ). If M is Riemannian and oriented, we say that M admits a 

Spin structure if TM does, and M is called a Spin manifold. The necessary and sufficent 
condition for M to be Spin is then W 2 {M) = 0. 

If R" is endowed with the euclidean quadratic form, the universal property of Clifford 
algebras allows us to define a representation of SO{n) in CP, denoted by cl„. If is a 
real vector bundle of rank n as before, there is a bundle associated to the representation 
cR and called the Clifford bundle of E: 


C\iE) = PsoiE) CR. 


(A.2.32) 


This bundle can be always defined. If M is Riemannian and oriented, the Clifford bundle 
of M is CRM) = Cl(TM). To define a spinor bundle of E we need a Spin structure on 
E. Let then S' be a Clifford module for CR, and consider the representation pgp^ given 
by restricting Clifford multiplication to Spin„. A real spinor bundle of E is the associated 
vector bundle 

S(E) = Psp(B) S. (A.2.33) 

Similarly, one can define complex spinor bundles considering a complex left module for 
CR. Notice that S{E) is a left bundle module for Cl(T^). 

Given a connection on E, or equivalently, a connection on Pso{E), we can use the 
covering map ([A.2.31|) to lift it to Psp{E). Using now the representation psp„ we get a 
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connection on the spinor bnndle associated to it. In particular, if M is a Riemannian 
manifold and S a spinor bundle over M, it inherits a canonical Riemannian connection 
from the one on M. The local expression for the covariant derivative associated to a 
connection on S{E) can be written considering the explicit realization of the isomorphism 
sOn ~ spin„. Namely, let {(TQ}a=i,-,N be a local section of S{E), induced by a local 
section of Pso{E) with associated connection matrix ujij. N denotes the rank 

of S{E). A local expression for the covariant derivative is given by: 


^ i<j 


(A.2.34) 


where the dot denotes Clifford multiplication. 

We will define now the Dirac operator. Let M be a Riemannian manifold with Clif¬ 
ford bundle C1(M), and let S' be a bundle of left modules over C1(M), endowed with a 
Riemannian metric and connection. The Dirac operator is defined on a section a of S' as 
follows: 

n 

Da = '^ei- Ve,a, (A.2.35) 

i=l 

where {ei}j=i^...„ is an orthonormal local section of TM. An important case of this con¬ 
struction occurs when S has in addition two properties: 

1) Clifford multiplication by unit vectors is orthonormal with respect to the Rieman¬ 
nian metric on S': 

(e(Ti,e(T2) = (cri,(T2), (A.2.36) 

where e is a unit vector in T^M, ai, a 2 G S^- 

2) The covariant derivative must be a module derivation with respect to the Rieman¬ 
nian connection in C1(M): 


V(0-a) = (V0) -a + c/.- (Va), 


(A.2.37) 


0 G r(Cl(M)), a G r(S). 

If S has these properties, it is called a Dirac bundle. It is not difficult to check that 
the Dirac operator on any Dirac bundle is formally self-adjoint. Spinor bundles on Spin 
manifolds are the most important examples of Dirac bundles, with the Riemannian metric 
they inherit from the inner product on the vector space S'. 

In the case of a Spin four-manifold, we can give explicit, local expressions for the 
covariant derivative and the Dirac operator. Let Ma be local coordinates for a section 
of the positive-chirality spinor bundle S'^. Using the map in (|A-l-ll|) i we have for the 
covariant derivative: 


D^M^ = 


^ i<j 


a 


{ei)a{ej))jM^ 


(A.2.38) 


The structure group of the complex bundle S~^ is SU{2)l, and we can write the Spin 
connection as an SU{2) gauge field using the expressions (|A-1-13|) . Then (|A.2.38|) reads 




= d^M^ 


^E' 

a=l 




(A.2.39) 
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where a;“, a = 1 , 2 , 3 are the components the SU{2)l Spin connection on X. 

As S' = S'"*" © S'" is a Z 2 -graded module for the action of CI 4 , the Dirac operator can 
be split in two pieces. One of them is a map r(S'+) —r(S'"), and is given by: 


J^OlOL _ 


(J' 


fi\aa 


D 


^l1 


(A.2.40) 


where = efa{ei) and ef is the vierbein, i.e. the components of the orthonormal basis 
Cj with respect to the usual coordinate basis. The other piece of the Dirac operator is a 
map r(S'") —rfS'"*'), and is the formal adioint of (|A.2.4(]|) with respect to the metric in 


■ = 
rvrv 




(A.2.41) 


where the covariant derivative acting on the negative-chirality spinors is given by a expres¬ 
sion similar to ( |A.2.33|) but with the matrices —a{ei)a*{ej), as it is clear from ([A.l.ll| ). 
The matrices are given by = efcT*(ej). The total Dirac operator is formally self- 
adjoint. Notice that, according to (|A-1.22|) , one has: 


■ = —D 

rvrv -^r 


(A.2.42) 


It is clear that we can “twist” a Dirac bundle with any riemannian bundle E with 
connection and get again another Dirac bundle S ^ E. This bundle is naturally endowed 
with the tensor product connection, and this gives a twisted Dirac operator De- If S' is 
a spinor bundle on a Riemannian manifold M, endowed with its canonical Riemannian 
connection, and E is a. bundle with a connection, the square of the Dirac operator on 
S^E verihes an important identity kwnown as the Weitzenbock formula. First dehne an 
endomorphism of S' © i? by the local expression 

^ E (A.2.43) 

ij 


where is the curvature of the connection on E and e^ej acts by Clifford multiplication 
on S. The Weitzenbock formula states that: 


Dl = V* V + -R + R^ 


(A.2.44) 


In this expression,V*V is the usual connection laplacian of S' © i?, and R is the scalar 
curvature of M. On a four-dimensional Spin manifold, the square of on S'"*" © 
involves in an interesting way the self-dual part of the curvature. This is because the 
image of the map in ( A.1.11 ), when restricted to positive-chirality spinors, keeps only the 
self-dual part of the differential form one starts from. In this way we get: 


= (V* V + ^R)6j + 


(A.2.45) 
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A.3 Spin^-structures 


Spin structures are difficult to find because of the topological obstruction associated to 
the second Stiefel-Whitney class, and for this reason one can not dehne spinor bundles 
on arbitrary four-manifolds. However, one would like to find a more general framework 
in order to be able to define generalized spinors in an appropriate way. This is the 
main achievement of Spin'^-structures, which in fact can be dehned on an arbitrary four- 
manifold. Spin'^-structures also arise in a natural way under duality transformations in 
the twisted version of the Seiberg-Witten effective action ||115|| , and have a key role to 
dehne generalized moduli spaces. We will present here some basic facts concerning them. 

The hrst ingredient is purely algebraic. Consider a complex spinor representation of 
dimension N, given by a map 


Ac : Spin„ —. U{N), (A.3.46) 

and consider also the inclusion map of the center U{1) of U{N), 

z : U{1) —^ U{N). (A.3.47) 

We can form the map: 

Ac X : Spin„ x f/(l) —^ f/(A), (A.3.48) 

whose kernel is Z 2 = {(1,1),(—1,—1)}. The quotient of the domain by this kernel is by 


dehnition the group Spin^: 


Spi< = 


Spin„ X 17(1) 


(A.3.49) 


There is a natural isomorphism Spin)) ~ Spin^ ® 17(1) and this gives a natural inclusion 
Spin)) C Cl„. From the dehnitions above we obtain the short exact sequence: 


1 —^ Z 2 Spin^ ^ SO{n) x 17(1) —^ 1, 
where Z 2 = {[(1,1)], [(—1,1)]}, i is the inclusion and ^ is given by: 

e[(^^,e*^)] = (eo(^),e^*^). 


(A.3.50) 


(A.3.51) 


^0 is of course the covering map in (|A-2.30|) . Obviously, complex spinor representations 
extend to Spin)) representations, and for even dimensions these representations also split 
in two. It is easy to check with the above dehnitions, and using the basic isomorphism 
Spin 4 ~ SU (2) X SU (2), that Spin^ is isomorphic to the subgroup of 17(2) x 17(2) consisiting 
of pairs of matrices with the same determinant. 

We would like now to construct Spin'^-bundles on manifolds, he., to hnd a bundle 
version of the covering in (|A-3.50|) . Notice that in this case we need an auxiliary geometric 


structure, due to the 17(1) factor in the last term of 


Namely, let Pso be a 


principal SO{n) bundle over a manifold M. A Spin^—structure on Pso consists of a 
principal P(l)-bundle Pu{i), a Spin))-bundle Psp^^ and a map 


: P 


Sp" 


-Pso X p 


C/(l) 


(A.3.52) 
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such that E{pg) = E{p)^{g), where p G g G Spin^ and ^ is the map in (|A.3.51|) . 
The first Chern class of Pu{i), c G H‘^{X, Z), is called the canonical class of the Spin'^- 
structure, and the complex line bundle associated to Pu(i) is called its determinant line 
bundle. A standard obstruction analysis shows that Pso admits a Spin'^-structure if 
its second Stiefel-Whitney class W2{P) is the mod 2 reduction of any integral class in 
Z), which is then associated to the determinant line bundle of the Spin^ structure. 
An oriented, Riemannian manifold with a Spin'^-structure on the bundle of orthonormal 
frames is called a Spin'^-manifold. 

An important example of bundles admitting a Spin^-structure are complex vector 
bundles. To see this, notice first that, from the theory of characteristic classes, W 2 {E) = 
Ci{E) mod 2. The Spin'^-structure in this case is canonical: if we endow E with a 
Hermitian metric, there is a U{n) principal bundle of unitary frames, denoted by Pu(^n){E). 
There is also a natural morphism: 

U{n) —^ SO{2n) x P(l) 

g ^ (*( 5 '),det g), (A.3.53) 

where i : U{n) —>■ SO{2n) is the natural inclusion. This map can be lifted to a map 
j : U{n) ^ Spin 2 „, and this allows one to construct an associated bundle 

= Pu{n){E) Xj Spin 2 „, (A.3.54) 

and the determinant line bundle of this Spin'^-structure is given by A"'(P) (the transition 
functions are the determinant of the transition functions of E, according to ( |A-3.53|) ). In 
particular, any almost complex manifold has a canonical Spin'^-structure. 

Just like in the Spin case, we can construct associated vector bundles starting from 
complex representations of the Clifford group. Let M be a Spin'^-bundle of dimension n. 
Let R be a complex CR-module. As Spin'^ C CR ® C, we have a representation A of 
Spin'^ in the group of complex automorphisms of V. We can construct: 

S = Pspc Xa R. (A.3.55) 

This vector bundle is called a complex spinor bundle. In the case of n even, we have, 
as in the Spin case, a fundamental spinor bundle associated to the unique irreducible 
complex representation of the complexified Clifford group. It also splits into a direct sum, 
S = ® S~, and we can also define positive and negative chirality spinors, as sections 

of and S'", respectively. 

A very useful way to approach Spin'^-structures is in terms of the construction of 
complex spinor bundles. Suppose that the second Stiefel-Whitney cohomology class of a 
manifold M, W2{M) G Z 2 ), is the mod 2 reduction of an integral class [w]. Let 

L be the line bundle corresponding to [w], i.e, [ci(L)] = [w]. In general, the square root 
of the line bundle L does not exist, and the topological obstruction to define it globally 
is precisely W2{M). In the same way, the spinor bundle constructed in terms of a Spin- 
structure and an irreducible complex representation of CR is not globally defined if the 
manifold is not Spin. However, a standard obstruction analysis in Cech cohomology shows 
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that, although and the spinor bundle S{M) are not globally dehned separately, the 
product bundle 

Sl{M) = S{M) ® (A.3.56) 

is well defined, and is the complex spinor bundle associated to the Spin'^-structure defined 
by L and to the complex representation of CU. This expression is useful to understand the 
action of the second cohomology group Z) on the set of Spin'^-structures. Suppose 

that L defines a Spin'^-structure as in ( |A.3.56|) , and let La be the line bundle associated 
to an element a G Z). If we twist Sl{M) by La, we get a new complex spinor 

bundle 

SmLi(M) = S{M) ® (g, La ). (A.3.57) 

Notice that, if ci(L) = W2{M) mod 2, the same is obviously true for L ® In this way 
one can obtain all the different Spin'^-structures on the manifold M (although not all of 
them will be different). 

In the case of an almost complex manifold M, the canonical complex spinor bundle 
associated to the canonical Spin'^-structure has a simple interpretation. From the structure 


of the complex representation of the Clifford algebra |78, 84|, we have the isomorphism: 


Sk-^{M) = n*cTM, 


(A.3.58) 


where the right hand side denotes the complex exterior powers of the holomorphic tangent 
bundle of M. Positive chirality spinors correspond to the even powers, and negative 
chirality spinors to the odd ones. The determinant line bundle of the canonical Spin'^- 
structure is precisely QqTM = K~^, where K is the canonical line bundle of M. This 
is the reason of the notation in ( A.3.581) . The other complex spinor bundles, associated 
to the different Spin'^-structures, are obtained by twisting this canonical spinor bundle 
with some line bundles over M. If M is Spin, W 2 {M) = 0, or equivalently, Ci(M) = 
—Ci{K) = 0 mod 2. This in turn implies that there must be well defined square roots of 
the canonical bundle K. Using (|A.3.56|) , together with the fact that L = K~^, we see that 
the spinor bundle S associated to the square root 77^/^ of an almost complex manifold, is 
related to the canonical spinor bundle (|A-3.58|) by 


S = Sk-^ ® 77^/2_ 


(A.3.59) 


Complex spinor bundles associated to a Spin'^-structure can be endowed with a metric 
and connection, obtaining in this way Dirac bundles. To do this, we use the representation 
( |A.3.5ti| ), and we consider a Hermitian metric and unitary connection on the line bundle 
L. This induces a connection on Locally, both the spinor bundle and exist and 
we can consider the tensor product connection. The connection is well defined globally. 
Also, one can define a Dirac operator Di according to ( |A.2.35|) in the previous section. 
The Weitzenbock formula (|A.2.44|) reads in this case: 


Dl = + -R+ -n, 


(A.3.60) 


where D is the curvature of the connection on L, represented by a real two-form. 
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In the case of a Kahler manifold M, the Dirac operator for the canonical Spin^- 
structure has a simple description in terms of Dolbeault operators First of all, 

we use the Hermitian metric to identify Sk-^{M) with the exterior algebra bundle of 
complex (0,p)-forms. Again, positive chirality spinors are identihed with forms of even 
antiholomorphic degree, and negative chirality spinors with forms of odd antiholomorphic 
degree. In this case, the Dirac operator can be identihed with: 

+ d*) : ^ (A.3.61) 

From (A-3.591) follow that, if M is also Spin, then the Dirac operator is the sum of the 
Dolbeault operators in ( |A.3.61|) twisted by the bundle 

Spin^ structures are associated to cohomology classes in Z) that are congruent 

to W 2 {X) mod 2. In the case of four-dimensional manifolds, cohomology classes verifying 
this condition are characterized by a simple property. If we denote by ( , ) the intersection 
form of M, an element c G Z) is called characteristic if 

(c, x) = (x, x) mod 2, (A.3.62) 

for all X G Z). These are precisely the cohomology classes dehning Spin'^-structures. 

Once such a structure is dehned, we can form the complex spinor bundles associated to 
the unique irreducible complex representation of CI4. Many constructions that we dehned 
in the previous section for usual spinors also hold in the Spin‘s case. In particular, (|A.1.12| ) 
also holds with the complex spinor bundle associated to a Spin'^-structure on M. This 
is because in this isomorphism we consider the trace-free part of the endomorphisms of 
, and the part of the complex spinor bundle associated to the determinant line bundle 
does not appear. Our hnal comment concerns the form of this isomorphism on a Kahler 
manifold M, for the canonical Spin'^-structure. A real SD form on a Kahler manifold has 
the decomposition given in (|2.3.42|) , and we can write it as: 

F+ = fuj + (A.3.63) 

where / is a real function on M and If we denote an element in 

as a column vector [a f3y, the trace-free, skew-adjoint endomorphism of S~^ is given by 

H 


where * is the Hodge star operator and the A denotes the wedge product with the cor¬ 
responding complex form. Notice that this endomorphism is the same for any Spin^- 
structure, and therefore it also holds for the Spin case. The norm of a self-dual form is 
then given, according to ( |2.2.13| ) and ( |A.1.29|) , by: 

| F +|2 = 4(|/|2 + 


F+ 


-if - * 


irO,2A 


^f 


(A.3.64) 


(A.3.65) 
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APPENDIX A. SPINORS IN FOUR DIMENSIONS 
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